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MTMACORI14T: (Unit 1) (Semester - 6)

Syllabus:

Unit 1 : Polynomial rings over commutative rings, division algorithm and consequences, principal
ideal domains, factorization of polynomials, reducibility tests, irreducibility tests, Eisenstein
criterion, and unique factorization in Z[x]. Divisibility in integral domains, irreducible, primes,
unique factorization domains, Euclidean domains.

Unit 2 : Dual spaces, dual basis, double dual, transpose of a linear transformation and its
matrix in the dual basis, annihilators. Eigen spaces of a linear operator, diagonalizability,
invariant subspaces and Cayley-Hamilton theorem, the minimal polynomial for a linear operator,
canonical forms.

Unit 3 : Inner product spaces and norms, Gram-Schmidt orthogonalisation process, orthogonal
complements, Bessel’s inequality, the adjoint of a linear operator, Least Squares Approximation,
minimal solutions to systems of linear equations, Normal and self-adjoint operators, Orthogonal

projections and Spectral theorem.

1 Polynomial Rings

1.1 Definition and Examples
DEFINITION. 1.1 Let R be a ring. A formal expression
f(@) = anz™ + ap_12" '+ -+ ayx + ag,

where ag,ay,...,a, € R, is called a polynomial of the variable x over the ring R. The
elements ag, ai, .. ., a, are called the coefficients of the polynomial f(z). If a,, # 0 then a,,
is called the leading coefficient and n is called the degree of f(x), written as deg f(z) = n.
If R is a ring with unity 1 and a, = 1 then the polynomial f(z) is called a monic

polynomial.

Two polynomials f(z) = a,2™ + ap_12"  +- -+ a1z +ag and g(x) = bpx™ + by_12™ 1 +

-+ 4+ bix + by are said to be equal if m =n and a, = b for all £ =0,1,2,...n.
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For a € R, f(z) = a is called a constant polynomial and the degree of a constant polyno-
mial is defined to be zero. The set of all the polynomials over a ring R of a variable z is
denoted by R[z].

EXAMPLE. 1.2 1. f(z) = 22 + 02? + 3x + 5 is a polynomial over Z

2. g(x) = 3z% + 1z + 4 is a polynomial over Z.

For convenience we shall write 12 = 2¥ and omit the term 0z™ in the formal expression
of a polynomial in R[z]. Thus in the above example f(z) is written as f(x) = 223 +3x+5
and g(x) is written as g(x) = 322 + x + 4.

DEFINITION. 1.3 Let R be a ring, addition and multiplication in R[z| can be defined as
follows: for f(r) = a,z" + ap_ 12"+ -+ a1x + ag and g(x) = bpx™ + bpy_12™ L4+ - +
bix + by in R[z| define

fx)+g(x) = (ap+bp)r* + (ap_1 +bp_12" "+ + (a1 +b1)x + (ag + bo)

m+4n—1 4

f(l’)g(I) = Cm+nxm+n + Cm4n—1T s+ 0T + C,

where k = max{m,n},a; = 0 for i > n and b; = 0 for i > m. Also for 0 < j < m + n,
C; = aobj + albj_l + agbj_g s 4 aj—lbl + (ljbo.

EXAMPLE. 1.4 In Zg[z] let f(z) = 32® 4+ 22% + 22 + 5 and g(z) = 32% + 4272. Then,
f@)+g(x) = B+0)2*+2+3)2>+ 2+ 4z + (5+2)
= 32 + 527+ 1,
f(x).g(x) = (32*+22%+ 22 +5)(32* + 4w +2)
= 32°+22° + 3z + 4.

Henceforth we shall write k instead of k to denote a member of Z,,.

THEOREM. 1.5 If R is a ring then R[z] is a ring.
PROOF. It is a routine verification and hence the proof is omitted. |
It also immediately follows that the ring R[x] is commutative if and only if R is commu-

tative and if R contains the unity element 1 then the constant polynomial 1 is the unity
element of R[z].
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For a ring R, R[z] may contain divisors of zero, for example in Zg[z], f(x) = 22% + 42 +6
and g(z) = 42 +4 both are non-zero polynomials but f(z)g(x) = (222 +4x+6)(4z +4) =
823 + 242 4+ 40z + 24 = 0.

THEOREM. 1.6 If D is an integral domain then D(x] is also an integral domain.

PROOF. Since D is a commutative ring with unity so is D[z]. To show that D[z] contains
no divisors of zero, take f(z) = @™ + ap_12" ' + -+ + a1x + ap and g(x) = bx™ +
by1x™ 14+ bz + Dby, two non-zero polynomials with a,, # 0,b,, # 0. Then the leading

term of f(x)g(z) = apb,xz"™™. D being an integral domain we must have a,b,, # 0 and
hence f(z)g(z) # 0.

Hence Dlz] is an integral domain. |

It immediately follows that for an integral domain D and for f(z), g(z) € D[z], deg(f(z)g(x)) =
deg f(x) + deg g(x) and deg(f(z) + g(v)) < max{deg f(z), degg(z)}.

1.2 Division Algorithm

DEFINITION. 1.7 Let D be an integral domain, f(z), g(z) € D[z]. g(x) is called a factor
of f(zx) if there exists h(z) € Dlz| such that f(z) = g(x)h(z). In such a case we also say
that g(x) divides f(x) and write as g(z) | f(z).

DEFINITION. 1.8 Let R be a ring, f(z) € R[z]. For a € R, f(a) denotes the element of
R obtained by substituting x by a in the expression of f(z). The element a is called a
zero of f(x) is f(a) = 0.

If F is a field then a € F is called a zero of multiplicity k (k € N) of the polynomial
f(z) € Flz] if (x — a)* is a factor of f(z) but (x — a)*™! is not a factor of f(x).

THEOREM. 1.9 Let F be a field and f(x),g(x) € Flx] with g(x) # 0. Then there exist
unique polynomials q(x),r(x) in Flx] such that f(x) = g(x)q(x) + r(x), where either
r(z) =0 ordegr(x) < g(x).

PROOF. The result will be proven by induction method. If f(z) = 0 or deg f(z) < deg g(z)
we take ¢(z) = 0 and r(z) = f(z) so that f(z) = g(z)q(x) + r(z). Hence the result is

proved for this case.

Let f(z) = apa"+ap_12" '+ - -Farx+ag, an # 0, g(x) = by @™ +byy_1 2™ - - -+b12+Dby,
b, # 0 and n > m. Note that the result is proved for n = 0. Assume that the result is

proved for all integers less than n.
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Define fi(z) = f(z) — a,b; 2" ™g(x). Then deg fi(z) < n and hence by induction
hypothesis there exist ¢;(x), r(z) € F|x] such that fi(z) = g(2)q:(z) + r(z) where either
r(z) = 0 or degr(x) < m. Then

fl@) = filz)+anb, 2" "g(x)
= g(@)qi(z) +7(2) + anb,'a" "g(x)
= (@(2) + anby 2" M)g(x) +r(z) = q(z)g(x) +r(2),

where ¢(x) = ¢1(x) + a,b,,' "™ and either r(z) = 0 or degr(x) < degg(x) = m. So the

result is true for n. Hence by induction is true for every integer n.

To prove the uniqueness let us assume that f(z) = q(x)g(x) + r(x) = ¢1(z)g(x) + r1(x),
where either 7(z) = 0 or degr(z) < degg(x) and either m(z) = 0 or degr(x) < deg g(x).
Subtracting we have (q(z) —q1(x))g(z)+7r(z) —r1(x) = 0, where either r(z)—ri(z) = 0 or
deg(r(x) —ri(z)) < degg(x). Since r(z) —r(x) = g(z)(q1(x) — q(x)), deg(r(z) —r1) must
be equal to that of g(z)(q:1(z) — ¢(x)) which is impossible since deg g(z) > deg(r(z) —r1)).
Hence r(z) —ri(x) =0, i.e., r(x) = ri(z) and ¢(x) — q1(x) = 0, i.e., ¢(z) = q1(x). |

DEFINITION. 1.10 The polynomial ¢(x),r(z) obtained by division algorithm are respec-
tively called the quotient and remainder when the polynomial f(z) is divided by g(z).

EXAMPLE. 1.11 Find the quotient and remainder when f(z) = 2% + 2z* + bz + 3 is
divided by g(z) = 22* + x + 1, f(z), g(x) are in Z;[z].

20 +x+ 1|23 +222 +5x+3 | 4x+6
3+ 42% + 4o |
5x* 4243
5z + 6x + 6
20 +4

Hence the quotient is ¢(x) = 4z + 6 and the remainder is r(z) = 2z + 1.

COROLLARY. 1.12 If F is a field then for any f € Flz| and for any a € F, f(a) is the

remainder when f(x) is divided by r — a.

ProOF. Taking g(x) = x — a, by Division algorithm f(z) = (z — a)q(x) + r(x), where
either r(z) = 0 or degr(z) < deg(z — a) = 1. Thus r(x) is a constant polynomial, say
r(z) = c¢. Hence f(x) = (z — a)q(z) + ¢ which gives f(a) = 7. |

COROLLARY. 1.13 If F is a field and f(z) € F[x] then a € F is a zero of f(z) if and
only if (x — a) is a factor of f(x).
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PROOF. immediately follows. |

THEOREM. 1.14 If F is a field then a polynomial of degree n in Flx| can have at most

n zeros counting multiplicity.

PROOF. The proof is done with help of mathematical induction. If f(z) € Flx] is of

degree 0 then it has no root and hence the result is true for n = 0.

Assume that the result is true for every integer m < n and f(x) is a polynomial over F' with
degree n. If f(z) has no zero then it is done, otherwise let a be a zero of f(x) of multiplicity
k. Then f(x) = (x — a)*q(x) and q(a) # 0. Now deg f(z) = deg(z — a)* + deg q(z), i.e.,
n = k + degq(x) which shows that n > k. Also degq(x) = n — k. If ¢(x) has no zero
then the prove is done, otherwise if b is a zero of ¢(x) then f(b) = (b —a)*q(b) = 0 which
shows that b is also a zero of f(z). Also multiplicity of b in f(z) is same as that in g(z).

By induction hypothesis ¢(x) can have at most n — k zeros and hence f(x) can have at

most k + (n — k) = n zeros. This completes the proof. |

ExAMPLE. 1.15 1. It can be observed that when F' is not a field the result may not
be true. take the polynomial f(z) = 2% + 3z + 2 in Zg[z]. Then f(1) = 0, f(2) =
0, f(4) =0 and f(5) = 0. Thus the polynomial of the second degree has four zeros.

2. List all the polynomials of degree 2 in Zsy[x]. Which of these are equal as functions
from Zo to Zgy ?
Zo = {0,1}. The polynomials of degree 2 are fi(x) = z* and fo(x) = 2% + 1,
f3(x) =2+ x and fy(x) = 2? + z + 1. Here fi(z) and fo(x) are functions from Z,
onto Zs, f3(0) = f3(1) = 0 and f4(0) = fa(1) = 1.

3. Let R be a commutative ring. Show that R[x] has a subring isomorphic to R.
The mapping a +— a, where a denotes the constant polynomial a, is the required

isomorphism.

4. If ¢ : R — Sis a ring homomorphism. For f(z) = a,2"+a, 12" '+ -+ayx+ay €
R[z] define ¢ : R[x] — S[z] by

O(f(x)) = ¢plan)z" + ¢(an_1)x" " + -+ ¢(ar)z + ¢(ao)

for all f(z) € R[z], is a ring homomorphism. Moreover if ¢ is an isomorphism then

S0 is .
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5. Show that the polynomial f(z) = 2z + 1 in Z4 is a unit.
(22 +1)(2z+1) =42 +4r + 1 =1. Hence (22 +1)"' =2z + 1, i.e., 2z is a unit

in Z4.

6. Let F be a field. Show that there exist a,b in F with the property that 22 +x + 1
divides 2 + ax + b.

By division algorithm there exist ¢(x), r(z) in F[z] such that 2 = (22 +x+1)q(x)+
r(x) where either r(z) = 0 or degr(x) < 2 = deg(z? + x + 1). Let r(x) = cx + d.
Then 2 = (z* + 2 + 1)g(z) + cx + d, i.e. 2" —cx —d = (2* + x + 1)g(z), which
shows that 2%® — cz — d is divisible by 22 + z + 1. Hence taking a = —c,b = —d,
22+ 2 + 1 divides 2% + az + b.

1.3 Principal Ideal Domain

Recall that a subring I of a ring R is called a left ideal if for all x € R for all a € I,
xa € I. I is called a right ideal of R if for all x € R for all a € I, ax € I. An ideal [ is
both a left ideal and a right ideal. In a commutative ring every left ideal is a right ideal

and vice versa.

In a ring R with unity 1 and A C R the set
AR = {az1+ -+ apzy ag,as,...a, € Ayxy,29 ..., 2, € Ryn € N}

is the smallest (with respect to set inclusion) right ideal containing A, called the right
ideal generated by A. The left ideal RA generated by A is defined analogously. Ideal
generated by A, denoted by (A), is the set

(A) = {inaiyi:al,...an €A XL, ... T Y1y s Yn GR,nEN}
i=1

If A is a finite set then (A) is called a finitely generated ideal. If a = {a}, a singleton set
then the ideal (A) is called a principal ideal, in this case (A) is written as (a).

DEFINITION. 1.16 A commutative ring with unity is called a Principal Ideal Ring if every
ideal in that ring is a principal ideal. An integral domain D is called a Principal Ideal

Domain (PID) if every ideal in D is a principal ideal, i.e., of the form (a) for some a € D.

THEOREM. 1.17 For a field F, F[z] is a PID.
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PROOF. Let [ be an ideal in Fz]. If I = {0} then I = (0). Otherwise there is non-
zero elements in /. Let us choose g(x) € I with g(z) is of minimum degree in /. Then
(g9(x)) C I. Choose f(z) € I. Then by division algorithm there exist ¢(z),r(z) such that
f(z) = g(z)q(x) 4+ r(z), where either r(z) = 0 or degr(z) < degg(z). This shows that
r(x) = f(z)—g(z)q(x) € I. Since degree of g(z) is minimum in I and degr(z) < deg g(x)
we must have r(z) = 0 and hence f(z) = g(z)q(z) € (g(x)), i.e., I C (g(z)). Hence
1= (gla)). .

COROLLARY. 1.18 Let F' be a field and I be an ideal in F[z]. Then I = (g(x)) if and

only if g(x) is a non-zero polynomial of minimum degree in I.

PROOF. Assume that I = (g(x)) and choose f(z) € I. Then f(x) = g(z)q(z) for some
q(z) € Fz] and hence deg f(z) = deg g(x) + degq(x) > deg g(x). Thus degree of g(z) is
minimum in I. Conversely, if g(x) € I with minimum degree then by the above theorem
I = {(g(z)). Hence the result. |

COROLLARY. 1.19 If F is a field and I is an ideal then there is a unique monic polynomial
(a polynomial whose coefficient of highest degree term is 1) g such that I = (g(z)).

PROOF. Taking any ¢ € [ with minimal degree, I = (g(z)). We can make g monic
by multiplying it by the inverse of its coefficient of highest degree term. If there is
another monic polynomial A € I such that I = (h(z)), then there exist polynomials
¢1,92 € F[z] such that h = g¢; and g = hqgy. Hence g = hga = gqi1¢o which implies
that degg = degg + degq; + degqo. Thus degq, = degqy = 0, i.e., g1, g are constant

polynomials. Since g, h are monic polynomials, we must have ¢y = ¢ =1,i.e., g=h. B

THEOREM. 1.20 Let R be a commutative ring with unity. If R|x] is a PID then R is a
field.

PROOF. Assume that R[x] is a PID. It is sufficient to show that every non-zero element
of R is a unit. Let a € R, a # 0. Consider the ideal I generated by a and z, i.e.,
I = ({a,x}). multiple R[z] being a PID there exists f(x) € R[z]| such that I = (f(z)).
Since a € I,z € I there exist p(x),q(z) € R[x] such that a = f(z)p(z) and = = f(z)q(z).

Hence f(z) must be a constant, say f(z)=r.

Also z = f(z)q(x) = rq(z). Thus degq(x) = 1, say, q(x) = cx+d and hence x = r(cz+d)

which shows that r¢ =1 and rd = 0. Thus r is an unit.

Since r € [ it follows that I = R[z]|. Since 1 € I, there exist u(z),v(z) € R[z] such that
1 = au(x) + zv(z) which shows that the constant term of au(z) must be 1, i.e., if the

constant term of u(z) is b then ab = 1. Thus «a is a unit.
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Since a # 0 has been chosen in R arbitrarily, it follows that every non-zero element of R
is a unit. Hence R is a field. |

EXAMPLE. 1.21 R[z]/{2?+1) ~ C.

Let us define a mapping ¢ : R[z] — C by ¢(f(z)) = f(i) for all f(x) € R[z]. It can
be easily be verified that v is a ring homomorphism. Also for z = a + b € C, taking
f(z) = bx 4+ a we have ¢(f(z)) = bi + a = z. Thus ¥ is onto.

f(x) € ker if and only if ¢(f(z)) = 0 if and only if f(z) = 0 if and only if 2% + 1 is a
factor of f(x). Hence kery) = (x? + 1). By First isomorphism theorem, R[z]/ ker v ~ C,
ie, R[z]/(z*+1) ~C.

EXAMPLE. 1.22 Let F be a field, and suppose that f(z),g(x) € Flz]. If there is no
polynomial of positive degree in F[z] that divides both f(x) and g(x) [that is, f(z) and
g(x) are relatively primel, prove that there exist polynomials h(z) and k(x) in F[z] such

that f(x)h(z) + g(x)k(z) = 1.

Consider the ideal I = ({f(z),g(z)}). F being a field, F[z] is a PID, so there exists
u(z) € F[z] such that I = (u(x)). Since f(z),g(x) € I, we have f(x) = v(z)u(x) and
g(x) = w(z)u(x) for some v(z), w(x) € F|x]. This shows that u(z) is a common divisor of
f(z) and g(x). By condition u(z) must be a constant, say u(z) = c¢. Also ¢ # 0, otherwise
I ={0). Thus 1 = cc € I and hence I = Flx].

Since 1 € Flx] = ({f(x),g(x)}) there exist polynomials h(z) and k(x) in F[z] such that
L= f(z)h(z) + g(x)k(z).

EXAMPLE. 1.23 Let f(x) be a non-constant element in Z[z]. Prove that (f(z)) is not a

maximal ideal in Z[z].

Since f(z) is a non-constant polynomial, we can find a € Z such that f(a) # +1 and

fla) #0. If I = ({f(a), f(x)}) then f(a) € I, also f(a) & (f(x)) since elements of (f(z))
have degree at least 1, whereas f(a) has degree 0. Thus the ideal I properly contains the

ideal (f(x)).

I is a proper ideal, otherwise if [ = Z[x] then 1 € I, so that there exist h(z), k(x) € Z|x]
such that 1 = h(x)f(a) + k(x)f(z) which gives 1 = h(a)f(a) + k(a)f(a) = (h(a) +
k(a))f(a), ie., f(a) divides 1 — a contradiction. Hence I # Z[z].

So, (f(x)) G I G Z[z] shows that (f(x)) is not a maximal ideal.
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1.4 Factorisation of Polynomials

DEFINITION. 1.24 Let D be an integral domain. A polynomial f(x) € D|x] is said to be

an irreducible polynomial over D if:

(i) f(zx) is neither a zero polynomial nor a unit of D[z],

(ii) if f(z) is expressed as f(z) = g(z)h(x), where g(x), h(z) € D[], then either g(x)

or h(x) is a unit in D|x]

If a non-zero non-unit polynomial is not irreducible then it is called a reducible polynomial.

For a field F' the definition becomes as follows: a polynomial f(z) € F[x] is called an
irreducible polynomial over F'if f(x) can not be expressed as a product of two polynomials
of degree lower than that of f(x).

EXAMPLE. 1.25 1. The polynomial 222 + 2 is reducible in Q[z] as 22? +2 = 2(z? 4 1)
and 2 is a unit in Q[z] but is irreducible in Z[x] since neither 2 nor 2x + 1 is a unit
in Zx].

2. The polynomial 222 — 3 is reducible in R[z] since 22 —3 = (z + v/3)(z — V3), a

product of two polynomials of lower degree, but is irreducible in Q[z].

3. The polynomial z* + 1 is irreducible in R[z] but reducible in Q[z] as 2% + 1 =
(x +1i)(x —1).

4. Every polynomial in C[x] with degree more than 1 is reducible.

THEOREM. 1.26 If F is a field then a polynomial f(x) in F[z] of degree 2 or 3 is reducible
over F if and only if f(x) has a zero in F.

PROOF. Assume that f(z) € F[z] has a zero a in F'. Then x — a is a factor of f(x), i.e.,
f(z) = (x — a)h(x) for some polynomial h(z) and hence f(x) is reducible.

Conversely, assume that f(x) is reducible over F. Then there exists g(x),h(x) € F|[x]
such that f(z) = g(x)h(z). Since deg f(z) = 3 = deg g(z) + deg h(x), one of g(x), h(x)
must have degree 1, say g(z) = ax +b. Then z = a™'b is a zero of g(x) and hence a zero

of f(z). ]

EXAMPLE. 1.27 Consider the polynomial f(x) = 22 + x4+ 1. In Zz[z], z = 2 is a
zero of f(x) and hence f(x) is reducible over Z;, f(z) = (z — 2)(x — 4). But in Zs,
f0)=1,f(1)=3,f(2) =2,f(3) =3, f(4) =1, i.e,, none of 0,1,2,3,4 is a zero of f(x)

and hence f(x) is irreducible in Zs|[x].
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EXAMPLE. 1.28 A polynomial in F|z] of degree larger than 3 may be reducible even
without having a zero in F. For example, f(z) = z* + 522 + 6 = (2% + 2)(2® + 3) is

reducible in R[z| but has no zero in R.

DEFINITION. 1.29 Let f(x) = a2 + @y 12" + -+ + agz® + a1z + a¢ € Z[x]. The ged
of ag,ay,...,a, is called the content of f(x). The polynomial f(x) is called a primitive

polynomial if the content of f(z) is 1.

EXAMPLE. 1.30 The polynomial f(z) = 223 + 4z + 6 is not primitive as its content is 2,
whereas the polynomial g(z) = 32 + 5z + 2 is a primitive polynomial as its content is
ged(3,5,2) = 1.

THEOREM. 1.31 The product of two primitive polynomials is primitive.

PROOF. Assume that f(x), f(z) are primitive polynomials. If possible, suppose that
h(z) = f(z)g(z) is not a primitive polynomial, let p be a prime factor of the content of
h(zx).

Let f(x),g(x) denote the polynomials in Z,[r] obtained by reducing the coefficients of
f(z), g(x) respectively modulo p. Hence h(x) = f(x)g(x). Since p is a divisor of the
content of h(x), p divides every coefficient of h(x) and hence h(x) is the zero polynomial
of Zy[x].

Z,[x] being an integral domain, and f(z)g(z) = 0, we have either f(z) = 0 or g(z) = 0
in Zy[z], i.e., either content of f(x) is a multiple of p or content of g(x) is a multiple of p,
i.e., either f(x) or g(z) is not a primitive polynomial — a contradiction. Hence h(z) is a

primitive polynomial. [ ]

THEOREM. 1.32 Let F be a field and f(x) € Flz], a € F, a # 0. Then

1. If af(x) is irreducible over F' then f(z) is irreducible over F.
2. If f(ax) is irreducible over F then f(x) is irreducible over F.

3. If f(x + a) is irreducible over F then f(x) is irreducible over F.

PRrROOF. 1. If f(x) is reducible over F' then there exist g(x), h(x) € F|x] with degg(x) >
1,degh(z) > 1 such that f(z) = g(z) - h(z). Hence af(z) = ag(z) - h(x) showing that
af(x) is reducible.
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2. Assume that f(z) = 2" + ap_12" ' + -+ + a1z + ag is reducible over F. Then
there exist g(z),h(x) € Flz] such that f(z) = g(x) - h(x). Let g(z) = bpa™ + --- +
biz + by and h(z) = cpa® + -+ + ciw + ¢ where m +k = n, m > 1,k > 1. Here for
0<r<mn,a = bcy+b_1c1+ -+ boc,.. So the coefficient of z" in g(ax) - h(az) is
bea"cy + bp_1a"teyr + o+ bocya” = a” (byco + by_1c1 + -+ + bye,) = a”a, which is the
coefficient of coefficient of 2" in f(ar). Hence f(ar) = g(ar) - h(ar) showing that f(ar) is

reducible — contradiction.

3. Assume that f(x) is irreducible. If f(x 4 a) is reducible then there exist g(x), h(x) €
Flz] such that f(x+a) = g(z) - h(x). Put x+a = z, then f(2) = g(z —a) - h(z —a), ie.,
f(z) = g(x — a) - h(z — a) showing that f(x) is reducible — contradiction. |

THEOREM. 1.33 If a polynomial f(x) € Z|x] is reducible over Q then it is reducible over
Z.

PROOF. Assume that f(x) = g(x)h(z) where g(x),h(x) € Q[z]. Without any loss of
generality we may assume that f(z) is a primitive polynomial, otherwise we may divide
both f(z) and g(x) by the content of f(z). Let a be the lem of the denominators of the
coefficients of g(x) and b be the lem of the denominators of the coefficients of h(x). Then
ag(x) and bh(zx) both belong to Z[z]. Let ¢ be the content of ag(x) and d be the content
of bh(c) so that ag(x) = cgi(z) and bh(x) = dhi(xz) where g1(z), hi(z) are primitive

polynomials.

Thus abf(x) = ag(x) - bh(x) = cgi(z) - dhy(x) = cdgy(x)hi(z). Since the product of
two primitive polynomials is a primitive polynomial, we have g;(z)hi(x) is a primitive
polynomial and also since f(x) is a primitive polynomial the content of abf(x) is ab. Thus
ab = cd, which shows that f(z) = g1(x)hi(x) where g;(x), hi(z) € Z[x]. Hence f(x) is
reducible over Z. |

—e

It is also observed in the above theorem that degg(x) = degg;(z) and degh(x) =
deg hy(z). Since deg g(x) < deg f(z) and deg h(z) < deg f(z) in Q[x] we have deg ¢, (z) <
deg f(z) and deg hy(x) < deg f(x) in Z[z].

The next theorem is known as mod p test of irreducibility.

THEOREM. 1.34 Let f(x) € Z[z] with deg f(z) > 1 and p be a prime. Let f(x) denote
the polynomial in Z,|x] obtained from f(x) by reducing all of its coefficients modulo p. If
f(x) is irreducible over Z, and deg f(x) = deg f(x) then f(x) is irreducible over Q.

PROOF. Assume that f(z) is irreducible over Z, and deg f(z) = deg f(z). If possible,
let f(z) be reducible over Q. Then f(x) is reducible over Z where f(z) = g(z)h(x);
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g(x), h(z) € Z[z] with deg g(z) < deg f(z) and deg h(x) < deg f(x). Let g(x), h(x) denote
the polynomials obtained from g(x) and h(z) respectively by reducing their coefficients
modulo p. Then f(z) = g(x)h(z). Also degg(z) < degg(z) < deg f(x) = deg f(x) and
deg h(z) < degh(x) < deg f(x) = deg f(x). This shows that f(x) is reducible over Z, —

a contradiction. Hence f(z) must be irreducible over Q. [

EXAMPLE. 1.35 Let f(z) = 212 — 32% + 2z + 9.
In Zy, f(z) = 2® — 2%+ 1. Then f(0) = 1, f(1) = 1 and hence f(x) has no zero in Z,
which implies that f is irreducible in Zy[z]. Also deg f(x) = deg f(x) = 3. Hence f(z) is

irreducible over Q.

EXAMPLE. 1.36 1. Test irreducibility of the polynomial f(z) = 2%+ 2 + 1.
In Zy[z], f(z) = 2* + 2 + 1. Note that f(0) = 1, f(1) = 1, so f(x) has no zero in

Zs. So it has no linear factor in Zs|x].

The possible quadratic polynomials in Zs[x] are 2%, 22 + z,2%> + 1 and 2% + = + 1.

The first three have zeros in Z, and hence can not be a factor of f(z).

24+l +r+1 |22—2
R .
—? -t +r+1

—xd =22 -z

1

For 22 + z + 1 a long division shows that it is not a factor of f(z).

Hence f(z) is irreducible over Z, and hence f(z) is irreducible over Q.

2. Test the irreducibility of the polynomial f(z) = 2% + 522 + 1.

In Zs[z], f(x) = 2° + 22 + 1. Here f(0) = f(1) = 1, so f(x) has no zero in Z; and
hence f(z) has no linear factor in Zy[z]. The only quadratic irreducible polynomial
in Zslx] is 2% + x + 1.

e+ +22+1 | 23— 22
x® + at + o8
— -+t + 1

—.174 —IS —[EQ

1

Thus a long division shows that 22 4+ x + 1 is not a factor of f(z). So f(x) has no

quadratic factor.
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Since deg f(x) = 5 and f(z) has no linear or quadratic factor it can not have a cubic
factor of a biquadratic factor. Hence f(x) is irreducible over Z, and hence f(x) is

irreducible over Q.

3. Test the irreducibility of f(z) = 22* — 2% + Lo + 2.

The lem of the denominators of the coefficients of f(z) is 35. So h(z) = 35f(z) =
152% — 1022 + 92 + 21 € Z[x]. Then f(z) is irreducible over Q if h(x) is irreducible
over Z.

Now, on Zs[z], h(z) = 2* 4+ +1. Since h(0) = h(1) = 1, h(x) has no zero in Z, and
hence h(z) has no linear factor in Zy[x]. The only irreducible quadratic in Zy[x] is
22 + 2 + 1 and a long division shows that 22 + 2 + 1 is not a factor of h(x). Thus

h(z) is irreducible over Z,. Hence f(z) is irreducible over Q.

THEOREM. 1.37 (EISENSTEIN’S CRITERION) Let
f(l’) = a,z" + anflxnil +---taxrtag < Z[x]

If there exists a prime p such that p{ an, p | @n_1,...,p | ao and p* { ag then f(x) is

wrreducible over Q.

PROOF. If possible, assume that f(x) is reducible over Q. Then f(z) is reducible over Z
and f(z) = g(z)h(x) where g(z), h(z) € Z]z] with 1 < degg(x) < nand 1 < degh(z) < n.

Let g(x) = bpa® + bp_12* 1 + - + bix + by and h(z) = ! + 1271+ - + a2 + co,
where k + 1 = n. Then a,, = by, and ag = bycg. Since p | ag we have p | bycg, p being
a prime either p | by or p | cg. Also p* t ag implies that p does not divide both of by, co.
Assume that p | by and p 1 co.

Since p 1 a, = bxcy, p t bp. Let r be the least integer such that p 1 b,, then 1 < r < k.
a, = b.co + b,_1¢1 + -+ + bic,_1 + boc,.. Since p divides b,_1,b,_o,...,b1,by we have
p|br_1c1+ -+ bic,—1 +boc,.. Also p | a, and hence p | a, — (by—1c1 + -+ -+ bicr—1 + boc,)
which implies that p | b.co. This is a contradiction since p is a prime and p { b, and p t co.
Hence f(z) must be irreducible over Q. |

COROLLARY. 1.38 For a prime number p, The Cyclotomic polynomial ®,(x) = zP~1 +

-o- 4+ x4+ 1 15 wrreducible over Q.
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P 1

PRrROOF. Note that ®,(z) = ’ T Then
(x+1)P—1
O (r 1) = w72

= (e () (7o) ]
Q) (1) ()

Here every coefficient except the leading coefficient is divisible by p and the constant term
is p not divisible by p?. Hence by Eisenstein’s criterion ®,(z + 1) is irreducible over Q

and hence ®,(z) is irreducible over Q. [

ExXAMPLE. 1.39 Test the irreducibility of the following polynomials:

1. 2° 4+ 92* + 1222 + 6 over Q.
Here all the coefficients other than the leading coefficient is divisible by 3 and the

constant term is not divisible by 32. Hence by Eisenstein’s criterion the polynomial

is irreducible.

5 9.4 3 3
2. 5:105 +52° + 1523 + ;x2 + 6z + §; over Q.

flx) = gf’ + %9174 + 1523 + %xz + 6z + %. To clear the fractions multiplying by 14

we have 14f(x) = 352° + 632 + 21023 + 62% + 90z + 3. All the coefficients other

than the leading coefficient is divisible by 3 and the constant term is not divisible

by 3?2 = 9. Hence by Eisenstein’s criterion 14f(z) is irreducible over @ and hence

f(z) is irreducible over Q.

EXAMPLE. 1.40 1. Show that the polynomial *+1 is irreducible over Q but reducible

over R.

Let f(z) =2*+ 1. Then f(z+1) = (z+1)*+1 = 2* + 423 + 62 + 42 + 2. Each of
the coefficients other than the leading one is divisible by 2. Also the constant term
is not divisible by 22. hence by Eisenstein’s criterion f(z 4 1) is irreducible in Q

and hence f(z) is irreducible over Q.

To fine the zeros of z*+1 in C, we note that ! = —1 = cos(2k+1)7 +4 sin(2k+1)7.
Hence z = (cos(2k + 1) + i sin(2k 4 1)m) 7 = cos @ +isin (Qkf)“, k=0,1,2,3.

When k£ = 0, let a = cos § +isin 7, then the other roots correspond to k = 1,2, 3,
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ie., cos 2T +isin 3 = a?, cos 2 4 isin 2T = o and cos I¥ +isin 7 = a”. Thus

vt 1 (z —a)(z —a®)(z — a°)
= (r—a)(z—a")(z—a®)(z - )

= (2”7 = (a+a") +a®)(z® — (&® +a°) + ).

o) (z —a’)
5

Now, a® = (a?)? = (—=1)2 = 1. Also a +a = (
0P +a’ = (—d5+ids) +(—F —ids) = —V2
Hence 2! + 1 = (22 — v/2x + 1)(2? + v/2x + 1) which shows that 2? + 1 is reducible
over R.

+1 2)+(\/L§—i\/i§):\/§and

&
o

2. Show that the polynomial f(z) = 2:* 4 6 is reducible in Z,. Write it as a product of

irreducible polynomials.

In Z7, f(0)=6,f(1)=7=0,f(2)=14=0,f(3) =33=5,f(4) =70=0, f(5) =
131 =5 and f(6) =216 = 6. Thus f(x) has zeros 1,2 and 4 in Z; and hence f(z)

is reducible in Z.

The factors of f(x) are (x—1), (z—2) and (z—4) which are equivalent to (z+6), (x+5)
and (x + 3) in Z7. Hence 2° + 6 = (z + 3)(z + 5)(z + 6) in Z;.

It can be recalled that for a field F, the integral domain F[z] is a PID. We study some

more results on F[x] where F' is a field.

THEOREM. 1.41 If F is a field then a polynomial p(x) € F[z| is irreducible if and only

if (p(x)) is a mazimal ideal.

PROOF. Assume that (p(z)) is a maximal ideal. If possible, suppose that p(x) is a
reducible polynomial, say p(z) = f(z)g(z) where 1 < deg f(z) < degp(z) and 1 <
deg g(z) < degp(x). Then for h(z) € Flz],

W) € (p(x)) = h(z) = p(x)q(x) for some q(x) € Flr]
= h(z) = f(@)g(x)a(x) = f(x)q(x) where qi(z) = g(x)q(a)

Thus (p(z)) C (f(z)). Since (p(x)) is a maximal ideal, either (f(z)) = Flz| or (p(x)) =
(f(z)). In the first case deg f(x) = 0. In the second case degp(z) = deg f(z) and hence

deg g(z) = 0. Both lead to contradiction. Hence p(x) is an irreducible polynomial over
F.
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Conversely, assume that p(z) is irreducible polynomial. Let I be an ideal in F[z] such
that (p(z)) C I C F[z]. Since Fx] is a PID there exists g(z) € F[z] such that I = (g(x)).
Since p(x) € I there exists ¢(x) € F[z] such that p(x) = g(x)q(x). p(z) being irreducible
either deg g(z) = 0 or degg(x) = 0 In the first case g(z) is a constant polynomial and
hence I = Flz]. In the second case degp(z) = degg(x) and hence I = (g(x)) = (p(x)).
Both the cases indicate that (p(z)) is a maximal ideal in F[z]. |

COROLLARY. 1.42 If F is a field and p(x) is an irreducible polynomial over F then
Flz]/{(p(x)) is a field.

PROOF. Since F|z] is a commutative ring with unity and (p(z)) is a maximal ideal the

result follows immediately. [

COROLLARY. 1.43 Let F be a field and let p(x), f(z),g(z) € Flz]. If p(x) is irreducible
over F and p(z) | f(x)g(x), then either p(x) | f(z) or p(z) | h(z).

PROOF. Since p(z) is an irreducible polynomial (p(x)) is a maximal ideal. Also F'[z] being
a commutative ring with unity, (p(z)) is a prime ideal. Now, p(z) | f(z)g(z) implies that
f(x)g(x) € (p(x)). Since (p(z)) is a prime ideal, either f(x) € (p(z)) or g(x) € (p(z)).
Hence either p(z) | f(z) or p(x) | g(x). |

EXAMPLE. 1.44 Let F be a field and let f(z) be a polynomial in F[z]. If f(x) is reducible
over F' prove that (f(x)) is not a prime ideal in F[z].

There exist g(z), h(z) € F[z] such that f(x) = g(z)h(x) where 1 < degg(x) < deg f(x)
and 1 < degh(x) < deg f(x). Then f(z) € (f(x)), i.e., g(x)h(x) € (f(x)) but none of
g(x), h(x) belong to (f(z)). Hence (f(z)) is not a prime ideal.

1.5 Unique Factorization Domain

Recall the Fundamental Theorem of Arithmetic, which states that every integer greater
than 1 can be expressed as a product of prime numbers in an unique way up to the order
of appearance of the primes. This property of integers can be generalised to an arbitrary

integral domain.

DEFINITION. 1.45 let D be an integral domain. Two elements a,b € D are said to be

associates of each other if a | b and b | a.

THEOREM. 1.46 Let D be an integral domain, a,b € D. Then the followings are equiva-

lent:
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1. a and b are associates to each other.

2. There exists an unit w € D such that a = ub.

PROOF. (1 = 2): Assume that a and b are associates of each other. Then there exist
¢,d € D such that a = ¢b and b = da and hence a = cda. Since D is an integral domain,

by cancellation c¢d = 1 and hence ¢, d are units. Taking u = ¢ the result follows.

(2 = 3): Assume the condition holds. Then a = ub implies that a € (b) which implies
that (a) C (b). Also since u is a unit, b = u~'a which implies that (b} C (a). Hence
{a) = (b).

(3 = 1): Assume (a) = (b). Then a € (b) = a = cb for some ¢ € D, hence b | a. Similarly,
(a) = (b) = b € (a) = b = da for some d € D, hence a | b. Thus a,b are associates of
each other. |

DEFINITION. 1.47 A non-zero non-unit element a in a ring R is called a prime element

if for b,c € R, a | be implies that either a | b or a | c.

Recall that in a commutative ring R an ideal [ is called a prime ideal if for all a,b € R,
ab € I implies that either a € I or b € I.

THEOREM. 1.48 In a commutative ring R an element a € R is prime if and only if (a)

18 a prime ideal.

PROOF. Assume that a is a prime. Let z,y € R such that zy € (a). Then zy = ca for
some ¢ € R. Since a | ca it follows that a | xy. a being prime we have either a | z or a | y

which shows that either x € (a) or y € (a). Thus (a) is a prime ideal.

Conversely, assume that (a) is a non-trivial prime ideal in R. Since a is a non-unit,
(a) # R. Let x,y € R such that a | zy. Then there exists ¢ € R such that xy = ca which
shows that xy € (a). Since (a) is a prime ideal, either = € (a) or y € (a) which implies

that either a |  or a | y. Hence a is prime. |

DEFINITION. 1.49 A non-zero non-unit element a in a ring R is called an irreducible
element if a = bc then either b or ¢ is a unit in R, i.e., a can not be written as a product

of two non-units. An element that is not irreducible is called a reducible element.

Thus the only divisors of an irreducible element are its associates or units.
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THEOREM. 1.50 In a ring with unity a prime element is always irreducible.

PROOF. Let p be a prime in a ring R. Suppose that p = ab then p | ab and hence either
plaorpl|b If p|athen a = pc for some ¢ € R, thus p = ab = pcb showing that ¢b = 1
which shows that ¢ = b7!, ie.e, b is a unit. Similarly if p | b then we can show that a is a

unit. Thus p is an irreducible. [

Converse of the result is not in general true. However for a PID the converse is also true.

EXAMPLE. 1.51 Let R = Z[iv/3] = {a+ibv/3 : a,b € Z}. We shall show that a = 1+iv/3

is not a prime but irreducible.

Since (1 4 4v/3)(1 — iv/3) = 4, it follows that 1 +iv/3 | 4, but 4 = 2-2 and 1+ iv/3 {2
which shows that 1 + /3 is not a prime.

Let 1 + iv/3 be factorized as 1 + i3 = (a + ib\/g)(c + zd\/g) Then taking square of
modulus, 4 = (a? + 3b*)(c® + 3d?). Then possible value of a? 4+ 3b* can be 1 or 4 because
for any integers a, b, a® + 3b* = 2 is not possible. If > + 3b?> = 1 then a = £1,b = 0 and
hence a+1by/3 is a unit. If a®>+3b> = 4 then ¢® + 3d?> = 1 which is only possible if ¢ = 41
and d = 0, i.e., ¢+ idv/3 is a unit. Hence 1 + i1/3 is irreducible.

THEOREM. 1.52 If D is a PID then an irreducible element is prime.

PROOF. Let a € D be an irreducible element. Then a is a non-unit and hence (a) # D.
By Zorn’s lemma the ideal (a) is contained in a maximal ideal M. Since D is a PID
there is p € D such that M = (p). Thus (a) C (p) which implies that a € (p). So there
exists ¢ € D such that a = pc. Since a is irreducible, ¢ must be a unit, i.e., a and p are
associates. Thus (a) = (p) = M.

Thus (a) is a maximal ideal and hence a prime ideal. So a is prime. [

REMARK. 1.53 In view of the above theorem and the preceding example it can be con-
cluded that Z[v/—3] is not a PID.

DEFINITION. 1.54 An integral domain D is called a Factorization Domain (FD) if every
nonzero element x € D can be written uniquely as a product of a unit and some irreducible
elements of D, i.e., x = up1py...pn, n > 0, where u is a unite of D and pq, po, ..., p, are

irreducible elements of D.

DEFINITION. 1.55 Anintegral domain D is called an Unique Factorization Domain (UFD)
if
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1. D is a Factorization Domain and

2. The factorization of each non zero element is unique in the sense that if z # 0 and
T = upip2...Pn = Vq1,q2...Gm, where u,v are units, then m = n and for every

1 <1 < n, p; is an associate of some ¢;,1 < j < n.

EXAMPLE. 1.56 1. Zis an UFD as stated in the Fundamental Theorem of Arithmetic.

2. The set of all Gaussian Integers Z[i| = {a +ib : a,b € Z} where i = y/—1, is an
example of UFD.

3. Let D = Z[\/=5] = {a+ibyV/5 : a,b € Z}. Then D is an integral domain. Here
6 € D (a = 6,b=0) can be factorized as 6 = (3 + 0y/=5)(2 + 0y/—5) and 6 =
(14+1iv/5)(1 —iv/5), i.e., two different ways. It can be verified that 2, 3, 14 iv/5 and
1 — i4/5 are all irreducibles. Hence D is not an UFD.

LEMMA. 1.57 Let D be a PID. Then any strictly increasing chain of ideals I C Iy C
I3 C -+ in D is finite.

PROOF. Let I = UI,. Then since the ideals I form a chain, the union I is an ideal in D.
Since D is a PID, there exists a € D such that I = (a). Now a € I = U}, there exists I,
in the chain such that a € I,,. Since every I, C I = I, we have [, is the last member of

the chain. Hence the chain is finite. [ |

THEOREM. 1.58 FEvery PID is an UFD.

PrROOF. Let D be a PID and ay be a non-zero element of D. First we shall show that ag

can be expressed as a product of a unit and some irreducible elements of D.

If ag is irreducible then it is done. Otherwise let ag = ua1b; where u is a unit, a; # 0 and
both a; and b; are non-units. If a; is not irreducible then we can write a; = asby where
as # 0 and both of ay, by are non-units. Proceeding this way we get two sequences of
non-units ai, as, ... and by, b, . .., where each a; is non-zero, such that for all: =1,2, ...,
a; = a;11b;11. Hence we get of chain of strictly increasing ideals (ag) C (a;) C {ag) C ---

By the above lemma (Lemma 1.57) this chain must be finite. So the chain ends at (ay)
for some k € N. Hence the element a; must be irreducible. Thus, the element ay has at

least one irreducible factor.

Let ag = upicy, where u is a unit, p; is irreducible and ¢; is a non-unit. If ¢; is not
irreducible we can write it as ¢; = pscoy where p, is irreducible and ¢, is a non-unit.

Proceeding this way we get a strictly increasing chain (ag) C (p1) C (p2) C --- of ideals
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in D. By the above lemma this chain is finite and hence there is m such that ¢, is
irreducible. Thus ag = up1ps . .. pmc, Where w is a unit, pq, pa, ..., pm, ¢m are irreducibles.

Hence D is a Factorisation domain.

To see the uniqueness, let ag be expressed as ag = upips ... pr = Vq1qs . . . s, Where u, v are
units, pi, pa,...,p, and qi, ¢, . . ., ¢s are irreducibles. If » = 1 then ag becomes irreducible

and hence s = 1. Thus ag = up; = v,1, i.e., p1, ¢ are associates.

To use induction on r assume that the expression is unique up to associates for the

products of fewer than r irreducible factors. Let

Qo = Up1p2 - .- Pr = VG142 - . . gs.

Since D is a PID each p; is a prime, in particular p; is a prime. Now, upips...p, =
vq1qs - - - qs implies that p; divides ¢1q; . .. ¢s and primeness of p; says p; | ¢; for at least
one q;, say p1 | ¢1. So there exists a unit u; such that ¢ = uyp;, hence uuipips...p, =
VULG1G2 - . . (s, 1.€., UQIP2 - .. Pr = VULG1Q2 - . . Q5. By cancellation ups...p, = vuiqs ... qs.
The left hand side is a product of r — 1 irreducible factors, hence by induction hypothesis
s = r and each ¢; is an associate of some p;, 2 < i < r. This completes the induction and
hence D is an UFD. ]

COROLLARY. 1.59 If F' is a field then F[z] is an UFD.

PrOOF. This follows immediately as F[z] is a PID. |

ExXAMPLE. 1.60 1. Let D be an integral domain. Show that the relation ~ on D

defined by a ~ b if and only if a and b are associates is an equivalence relation.

2. If D is an integral domain and a,b € D, b # 0, then show that (ab) = (b) if and

only if a is a unit.

Since ab € (b) it immediately follows that (ab) C (a). Assume that a is a unit.
Then b = a~*(ab) € (ab) and hence (b) C (ab). Thus (b) = (ab).

Conversely, if (b) = (ab) then there exists r € D such that b = rab, by cancellation

1

ra=1,1ie., a " =r, hence a is a unit.

3. In an integral domain D show that the product of an irreducible and a unit is an

irreducible.

Let a be an irreducible and u be a unit in D. If ua = cd, where c¢,d are non-
units, then @ = (u~'c)d, both u~!c and d are non-units — contradicting that a is

irreducible.
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1.6 Euclidean Domain

DEFINITION. 1.61 An integral domain D is called an Euclidean Domain if there exists a
map d : D* — Z. satisfying conditions:

1. For a,b € D*,d(a) < d(ab)

2. For a,b € D, a # 0 there exist ¢, € D such that b = aq + r where either r = 0 or
d(r) < d(a).

The property 2 is called the diwvision algorithm and the map d is called the algorithm map
or measure. (Here D* denotes the set of all non-zero elements of D). The element b is
called the dividend, a is called the divisor, ¢ is called the quotient and r is called the

remainder.

EXAMPLE. 1.62 1. Z is the simplest example of Euclidean Domain. Here for n € 7Z,

d(n) = |n|, the modulus of n.

2. Another example of Euclidean Domain is F'[z|, where F is a field. For f(x) € F[x],
d(f(x)) = deg f(x).

3. The Gaussian integers Z[i] = {m + in : m,n € Z} is another example of Euclidean
domain. Here for @ = m+in, m # 0 # n, d(a) = aa = m? +n?. To see the division
algorithm take a,b € Z[i] with a # 0. Let z = ba™". Then 2 € Q[i], let z = 2 + $.
Choose the integers m, n such that m < § <m+landn < f < n-+1. Consider the
square with the vertices m +in, (m+ 1) +in,m +i(n+ 1) and (m+ 1) +i(n + 1).
Take ¢ is the number among the four such that |z — ¢| < 1. Let r = b — ga so that
b= qa+ r. Now

2

b
=|z—q*< 1.

——q
a

b(r) T

(@) aa [

This shows that b(r) < b(a).

THEOREM. 1.63 In an Fuclidean domain D the set of all the units is the set
{a € D* : d(a) = d(1)}.

PROOF. The set d(D*) is a subset of Z, and hence have a smallest element. Let d(e) be
the smallest element where e € D*. By the property of d we have d(1) < d(1.e) = d(e),
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also d(e) is the smallest of all the values taken by d, i.e., d(e) < d(z) for all x € D*, in
particular d(e) < d(1). Hence d(e) = d(1).

If z is a unit in D then d(x) < d(xz™') = d(1). Since d(1) is the minimum value we have
d(x) = d(1). Conversely, if z € D such that d(z) = d(1) then by division algorithm there
is ¢, € D such that 1 = gz + r, where either r = 0 or d(r) < d(z). But d(z) = d(1)
being the minimum value d(r) < d(z) is not possible. Hence r = 0. Thus 1 = gz showing

that z is a unit and 27! = q. [

THEOREM. 1.64 FEvery Euclidean domain is a principal ideal domain.

PROOF. Let D be an Euclidean domain, I be an ideal in D. Then d(I) = {d(a) : a € I}
is a subset of Z, and hence has a smallest member. Let us choose a € I such that d(a) is
the minimum value in d(I). To show that I = (a) take any b € I. By division algorithm
there exist ¢,r € D such that b = ga + r where either » = 0 or d(r) < d(a). Since
r =0b—gqa € I and d(a) is the minimum value in d(I) it follows that d(r) < d(a) is not
possible. Hence r = 0. Thus b = ga which shows that I = (a). So D is PID. [

COROLLARY. 1.65 Fvery Euclidean domain is an UFD.

Proor. This follows immediately as every Euclidean domain ia a PID and PID is an
UFD. (Theorem 2.24) |

EXAMPLE. 1.66 1. Show that in Z[i], for all x,y € D*, d(xy) = d(x)d(y).
Let z = a+iband y = c+1id, a,b,c,d € Z. Then d(z) = a*+? and d(y) =  + d>.
Thus d(z)d(y) = (a® + 0*)(c® + d?) = a*c® + a*d® + b** + b*d>.
On the other hand xy = (a + ib)(c + id) = (ac — bd) + i(ad + bc) and d(xy) =
(ac — bd)? + (ad + bc)? = a*c® + a*d* + b*c® + b*d?. Hence the result.
2. In an Euclidean domain D if a and b are associates then prove that d(a) = d(b).

If a,b are associates then there exists a unit u such that a = bu. So d(a) = d(bu) <
d(b)d(u) = d(b), since d(u) = 1, u being a unit. Similarly, b = au™! shows that
d(b) < d(a). Thus d(a) = d(b).

3. Find ¢ and r in Z[i] when 3 — 44 is divided by 2 + 5i.
To find ¢ and r such that 3 — 47 = (2 + 5i)q + r. Let us consider

3—4i  (3—4i)(2-5i) —14—-23i 14 23

P — — _

= - = - - = l.
245 (2+5i)(2—5i) 29 29 29
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14 23 14 . 23 -
Now, —1 < —55 < 0 and —1 < —55 < 0. Here —5 is nearer to 0 and —35 is

nearer to —1, hence we can take ¢ = 0 — ¢ = —i. Consequently r = b — aq =
(3 —4i) — (2+51)(—i) = =2 — 2i.

Thus 3 — 4i = (2 + 5i)(—i) + (=2 — 20).

4. Show that 1 — i is irreducible in Z[d].
Let 1 —4 = xy where z,y € Z[i] are non-units. Then d(1 —1) = 2 = d(x)d(y). Then
either d(z) =1 or d(x) = 2. d(z) = 1 shows that x is a unit and d(x) = 2 implies
that d(y) = 1, i.e., y is a unit — both lead to contradiction.

5. In Z[\/=5], show that 21 does not factor uniquely as a product of irreducibles.
Note that 21 = 3 -7 = (3 4+ 0/=5)(7 + v/=5). To show that 3 is irreducible, let
3 = xy where z,y € Z[v/—5| are non-units. Then d(3) = d(zy) = d(x)d(y), or,
9 = d(z)d(y). Since z,y are non-units, d(x) # 1 # d(y) and hence d(z) = d(y) = 3.
If z = a+ by/=5 then d(z) = a® + 5b?. Since there is no integers a,b such that
a’* + 50> = 3 d(z) = 3 is not possible. Hence 3 is irreducible. Similarly 7 is

irreducible.

Also 21 = (142v/—5)(1—2v/-=5). If 14+2y/—5 = xy where z, y are irreducibles then
d(1+2v=5) =d(xy) = d(x)d(y), or 21 = d(x)d(y). Since z,y are non-units, either
d(x) = 3,d(y) = 7 or vice versa. But both d(z) = 3 or d(x) = 7 are impossible as

there are no integers a, b such that a® + 5b*> = 3 or a® + 5b% = 7.

Thus 21 =3-7 = (1 +2v/—5)(1 — 24/-5) are two factorizations into irreducibles.

6. In Z[i] show that 2 and 5 are not irreducibles.

2 = (1+1)(1 — i), both the factors are non-units. Also 2 = —i(1 +1)?, here 1+ is

non-unit.
5= (14 2¢)(1 — 2i), both the factors are non-units. (The only units in Z[:] are +1
and +1i.)

7. Prove that Z[v/—3] is not a principal ideal domain.
Referred to Remark 1.53.

8. In Z[v/2] = {a+bv/2: a,b € Z}, show that every element of the form (3 + 2v/2)" is
a unit, where n is a positive integer.

Note that (3 +2v/2)(3 —2v/2) = 1. Hence (3 +21/2) is a unit. Also (3 +2v/2)"(3 —
2v/2)" = [(3 +2v/2)(3 — 2v/2)]" = 1. Hence the result follows.
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9.

10.

11.

Let D be a PID and p an irreducible element of D. Prove that D/(p) is a field.

p being an irreducible element in the PID D it follows that (p) is a maximal ideal.

Hence the result.

Let n > 1 be an integer which is not divisible by the square of a prime. Show that
the only units of Z[\/—n] are £1.
If z = a + iby/n is a unit then d(x) = 1, i.e., a® + nb* = 1. Since n > 1 this is only
possible when b = 0 and a = +1.

In Z[\/—T], show that d(6 + 2v/—7) = d(1 + 3v/—T7) but 6 + 2y/—7 and 1 + 3v/—7

are not associates.

d6+2y/=T7)=36+4x7=064and d(1 +3y/-7)=14+9x7=064. Since 7> 1
and 7 is not divisible by square of a prime the only units in Z[/—7] are 1 and —1.

Hence the elements can not be associates.
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2 Dual Spaces

2.1 Review of the previous study

In what follows we recall some definitions and elementary results, without proof or with

a sketchy proof, from the part Linear Algebra already studied in a previous course.

DEFINITION. 2.1 A set V is called a vector space over a field F if a binary operation +,
called wvector addition, on V and an operation F' x V — V| called scalar multiplication,

are defined which satisfy the following axioms:

1. (V,+) is a commutative group, the identity element is called the null vector and is

usually denoted by 6.

2. For every scalar x € F for every vector v € V the scalar product zv € V satisfies

the following properties:

The following results immediately follow from the definition:

THEOREM. 2.2 Let V' be a vector space over a field F'. Then

1. 20 = 0 for every scalar x.
2. 0v = 6 for every vector v.
3. If xv =10, where x € F,v € V, then either x =0 or v =260.
4. Forxe Flv eV, (—x)v =x(—v) = —av.
5. Forx e Fo,weV, z(v—w) =xv— zw.
6. Forx,ye FlveV, (x —y)v=azv—yv.
DEFINITION. 2.3 Let V' be a vector space over a field F. A vector v is called a linear

combination of the vectors vy, vo,...,v, € V if there exist scalars x1,xs,...,x, € F such

n
that v = 2101 + 2ova + - + TV, = D1 TRk
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DEFINITION. 2.4 Let V be a vector space over a field F. A subset W C V is called a

vector subspace or linear subspace of V' if W is itself a vector space over the same field F.

THEOREM. 2.5 IfV is a vector space over a field F' then W C V is a vector subspace of
V' if and only if (i) 0 € W and (ii) for every x,y € F, for every v,w € W, zv+yw € W.

DEFINITION. 2.6 Let V' be a vector space over a field F' and .S be a non-empty subset of
V. Then the set of all the possible linear combinations of the members of S is called the
linear span of S and is denoted by L(S). Thus,

L(S) = {x1v1 + xov2 + - - + 0y 1 X1, X, ..., Ty € Fyvg,v9,...,0, € V,n € N}

THEOREM. 2.7 Foraset S CV, whereV is a vector space over a field F', L(S) is a vector

space. It is the smallest, with respect to set inclusion, vector subspace of V' containing S.

DEFINITION. 2.8 Let V be a vector space over a field F'. A finite set of vectors vy, vo, ..., v, €
V' is called Linearly independent if for any set of scalars x1,xs,... 2, € F, x1v1 + Tovs +
«o- 4+ x,v, = 0 implies that x1 = 2o = ---x, = 0. An infinite set of vectors is called
linearly independent if every finite subset of it is linearly independent. A set which is not

linearly independent is called Linearly dependent.

PROPOSITION. 2.9 If a set of vectors contains the null vector 6 then the set is linearly
dependent.

DEFINITION. 2.10 A set B C V of a vector space over a field F' is called a basis for V
if (i) B spans V, i.e., L(B) = V and (ii) B is linearly independent. If B contains only
finite number of elements then V' is called a finite dimensional vector space otherwise V'

is called infinite dimensional.

PROPOSITION. 2.11 In a finite dimensional vector space the number of element of any

basis is the same.

DEFINITION. 2.12 The number of elements in a basis of a finite dimensional vector space
V' is called the dimension of V' and is denoted by dim V.

EXAMPLE. 2.13 1. Consider the field R and the set R® = {(z,y,2) : z,y,2 € R}.
Then R? is a vector space over R. The set B = {(1,0,0),(0,1,0),(0,0,1)} is a basis
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of R?, called the standard basis of R®. Another basis of R*is {(1,1,0), (1,0,1), (0,1,1)},
note that both the basis have three elements and dimension of R? is 3.

A subspace of R is W = {(2,%,0) : z,y € R}. A basis for W is {(1,0,0),(0,1,0)}
hence dimW = 2. The set V = {(x,y,2) : © + 2y — 4z = 0} is another example
of a subspace of R*®. Here it can be verified that {(0,2,1), (4,0,1) form a basis for
V', this is also a subspace of dimension 2. Take U = {(¢,2t,4t) : t € R}. Here
{(4,—2,1)} is a basis for U and hence U is a subspace of R* with dimension 1.

2. Consider P(z) = R[z] the set of all the polynomials with coefficients from R. Then
P(x) is a vector space over R. A basis for P(x) is {1,z,2% 23,...}, hence P(z) is
an infinite dimensional vector space. For a given positive integer n let P, (z) denote
the set of all polynomials over R with degree less than or equal to n. Then P,(x) is
a subspace of P(z). A basis of P,(z) is {1,z,2?% ..., 2"} which have n + 1 elements
and hence dim P,(z) =n + 1.

3. It can be noted that if F' is a field then F' itself is a vector space over itself, any
non-zero element of it form a basis for it. Obviously the dimension of this vector

space is 1.

DEFINITION. 2.14 Let V. W be two vector spaces over the same field F. A function

T :V — W is called a linear transformation if it satisfies the following axioms:
1. Forallv,w e V, T(v+w) =T (v) + T(w).
2. Forallce F, for allv e V, T(cv) = ¢T'(v).

If T" is one-one and onto then it is called an isomorphism.

It can be noted that in this definition in the condition 1 the + sign in left hand side is the
addition in V' whereas in right hand side the + sign denotes the addition in W. In the
same manner we can say that in condition 2, since v € V, cv is the scalar multiplication

in V' whereas in the right hand side since T'(v) € W, ¢T'(v) is the scalar multiplication in
w.

THEOREM. 2.15 A linear transformation T : V. — W is uniquely determined by the
effects of T on any basis of V.

The above theorem states that if B is a basis of V' and if T'(u) is knows for all u € B then
T can be determined for any v € V. For v € V' there are basis vectors uy, us, ..., u, € B
and scalars x1, 9, ..., 2, € F such that v = xyu; + xous + - - - + x,u,, thus by linearity
T(v) =x1T(uy) + 22T (uz) + - - - + 2, T (uy,).
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THEOREM. 2.16 If a vector space V' over a field F is finite dimensional and dimV = n

then V' 1s isomorphic to F™.

PROOF. Let B = {vy,vs,...,v,} be an ordered basis for V. For v € V there are scalars
ai,as,...,a, € F such that v = ayv; + agvg + - - - + a,v,. Then (a1, a9, ...,a,) € F™ and

define T'(v) = (ay,aq,...,a,) for all v € V. This T is the required isomorphism from V'

onto F™ can be proved easily. ]
THEOREM. 2.17 Let V,W be vector spaces over the same field F, {vi,vq,...,v,} be a
basis for V.. Then for any set of n vectors {wy,ws, ..., w,} in W there exists a unique
linear transformation T' such that T (v;) = w; fori=1,2,...,n.

PROOF. For an arbitrary v € V, since {vy,va,...,v,} is a basis for V' there exist scalars
C1,C2, ..., € F such that v = cju; + cvg + -+ + ¢pv,. Define T'(v) = cywy + cowy +

-+« 4+ cpwy,. Then T is a linear transformation with the required property. Uniqueness of

T can also be proved easily. [ ]

THEOREM. 2.18 Let T' : V. — W be a linear transformation where V,W are vector
spaces over the same field F'. Then T(V) = {T'(v) : v € V} is a subspace of W and
{veV :T(v)==0w} is a subspace of V, where Oy is the null vector in W ..

DEFINITION. 2.19 For a linear transformation 7' : V' — W the subspace {v € V :
T(v) = 0w} of V is called the null space of the linear transformation 7" and the subspace
T(V)=A{T(v) : v € V} is called the range space of T. If V is finite dimensional then
the dimension of the null space is called the nullity of T, written as nullity(7) and the

dimension of the range space is called the rank of T', written as rank(7").

THEOREM. 2.20 IfV, W are vector spaces with V is finite dimensional then for any linear
transformation T : V' — W, rank(7T") + nullity(7") = dim V.

If V,W are finite dimensional vector spaces over a field F' then for given ordered bases
B = {vy,v9,...,0,} of V and C = {wy,ws,...,w,} of W any linear transformation
T :V — W can be represented by a matrix of order n x m over F'. The process is given

below.

For v € V there are scalars ci,¢o,...,¢, € F such that v = Z?Zl

c;v;. The ordered
n-tuple (c1,¢a, ..., ¢,) is called the coordinates of v with respect to the basis B. Similarly
for every vector w € W there are scalars dy, ds, .. .d,, € I’ such that w = Z;il d;w;. The

ordered m-tuple (dy,ds, . ..,d,,) is the coordinates of w with respect to the ordered basis
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C. Now for each v; € B let T'(v;) = ajjwy + agjws + -« + + Amjwy, = > oo a;jw;. Thus for
v=>" ¢ eV,

T(w) = T(civr +covg+ -+ + ) = T (v1) + T (v2) + -+ + ¢, T (vn)

n n
= > ¢T(y) = D cilarjwr + asjwy + - + apjw,,)
Jj=1 Jj=1
n m m n
= E Cj E aijwi = E E CjCLZ‘j Ww;.
Jj=1 =1 i=1 \j=1
Hence for 1 <4 < m the i-th coordinate of T'(v) with respect to the basis C'is > 7, ajjc;.
aix a2 - Aip
Qg1 A2 - d2p .
If we set A = . . . and denote the vector v as the column matrix
Am1 Am2 - Qmp
T .. . . .
V= [cl Cy ... cn} of its coordinates with respect to the basis B, then
air a2 -+ Qip C1 a11€1 + a12C2 + - -+ + G140y
Q21 Qg2 -+ QA2p C2 (21C1 + A22Co + - -+ + G2,Cp
Av = . . . | = .
_aml m2  *  Qmnp Cn Am1C1 + Am2Co + -+ AmnCn
[ >0 anc
j=1%15%]
j=1@2;5C;j
= ' = [d1 dy --- dm] ’
S g
| 2 j=1 @mjC;j

where for 1 <i<m, d; =>."

i—1@ijc; is the i-th coordinate of T'(v) in W with respect to

the basis C. Hence T'(v) is represented by the m x n matrix A over F.

It may be observed that the matrix A is the array of the column matrices Ay, Ao, ..., A,,

where for 1 < j <n, A; is the coordinates of T'(v;) with respect to C.

EXAMPLE. 2.21 Let T : R* — R? is defined by T(z,y) = (x + y, 22 — y, 3z + 5y) for all
(z,y) € R?. Show that T is a linear transformation and find its matrix representation with
respect to the ordered bases B = {(1,1), (0, —1)} and C' = {(1,1,1),(1,0,1),(0,0,1)} of
R? and R? respectively.

That verification of linearity of 7' is easy and left. Let v; = (1,1),v9 = (0,—1) and
wy = (1,1,1),ws = (1,0,1), w3 = (0,0, 1) be the respective basis vectors.

Now, T'(v;) = (2,1,8). We express T(v;) as a linear combination of wy, ws, ws. Then
(2,1,8) = a1(1,1,1) + a9(1,0,1) + a3(0,0,1) = (a1 + ag,a1,a1 + as + a3) which gives
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a1+ ay =2,a; =1 and a1 +ay +az3 =8 Thus a; = 1,a2 = 1,a3 = 6. Hence the A;
.. T

column matrix is [1 1 6} )

T(vy) = (—1,1,—5), we express it as a linear combination of wy, ws, w3. Then (—1,1,-5) =

bl(l, 1, 1) —+ bQ(l, O, 1) + bg(0,0, 1) = (bl + bg, bl,bl -+ bg) which gives b1 + b2 = —1, bl =1

and by + b3 = —5. Thus by = 1,bp = —2,b3 = —4. Hence the A; column matrix is
T
1 -2 —4]".
1 1
Thus the matrix representation of T'is A= |1 —2|.
6 —4

2.2  Vector space of Linear Transformations

DEFINITION. 2.22 Let V and W be vector spaces over a field F'. The set of all linear
transformations from V' to W is denoted by L(V,W). For S,T € L(V,W), define (S +
T)(v) = S(v) +T(v) and for ¢ € F define (¢T')(v) = ¢I'(v) for all v € V.

PROPOSITION. 2.23 For S,T € L(V,W) andc € F, S+T € L(V,W) and cT € L(V,W).
Hence L(V,W) is a vector space over the field F.

ProoOF. For v,w € V and c € F

(S+T)cv+w) = Slev+w)+T(cv+w)
= cS(v)+ S(w) + I'(v) +T(w)
= c(S)+T))+ S(w)+T(w)
= c(S+T)(v)+ (S+T)(w).

Hence S + T is a linear transformation. Similar for ¢T. |

THEOREM. 2.24 If V,W are vector spaces of dimension n and m respectively then the
dimension of L(V, W) is mn.

PROOF. Let B = {vy,vs,...,v,} be a basis for V and C' = {wy,ws, ..., w,} be a basis
for W. For each pair (i,75), 1 <i <n,1 < j < m define T;; : V. — W as follows: For
v € V there are scalars ¢i,co,...,c, € F such that v = civ; + covy + - -+ + ¢ v, define

Ti;(v) = cw,. In particular, Tj;(vy) = 0 if @ # k and Tj;(vy) = w; if i = k. Thus,

Ti;(vg) = dixw;, where d;; is the Kronecker delta.

First to show that 7;; is linear. Let v,w € V so that v = cjv1 + cova + - -+ + ¢,v, and
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w = div1 +dovo+ - - - +d,v,, where ¢1,¢o....cp,dy,do, ..., d, € F. Also take ¢ € F. Then

Tij(cv +w) = T(c(crvr + covg + -+ 4 cuvy) + divy + davg + - - + dyvy,)
= Tii((ccr + dy)vy + (cca + do)vg + - - - + (ccp + dp)vn)
= (c+d)w; = cqw;+ dyw;

= T (0) + Ty ().

Hence Tj; is linear.

To show that {7}; : 1 < ¢ < n,1 < j < m} form a basis for L(V,W) let us take
T € L(V,W) arbitrarily. For any v; € B, 1 < i < n, since T'(v;) € W there are scalars

a1, o, . . ., Ayn € F such that for any 1 <i<n
m
T('U1> = a; 1wy + a;pws + -+ + Qi Wy, = Z AijWj
j=1

Consider the sum Ty = > 7", Z;":l a;;Ti;. Then Ty € L(V,W). For any 1 < k < n,

n m m

To(’l}k) = Z Z aijﬂ](vk) = Z Qp; W; (since ﬂj(’l}k) = 5kaj)

i=1 j=1 j=1

Hence T'(v;) = Ty(v;) for all v; € B. Since B is a basis for V' we have T' = T. Hence T'
can be expressed as a linear combination of members of {7;; : 1 <i <n,1 <j <m}, ie.
L(V,W) is linear span of {T}; : 1 <i<n,1 <j<m}.

To show that {7;; : 1 <i < n,1 < j < m} is linearly independent let us take scalars
cj € F, 1 <i<mn1<j<msuchthat Y32, 5" ¢;T;; = 0. Applying this linear

transformation to vy, 1 < k < n,

n m m
0 = D> > ciTy(o) = Y cwjwy.
i=1 j=1 j=1
Since wy, wy, ..., w,, are linearity independent we must have cy; = cpo = -+ = g = 0.
Since this is true for every £ = 1,2,...,n we have ¢;; = 0 for all ¢« = 1,2,...,n,j =

1,2,...,m. Hence {T;; : 1 <i <mn,1 <j<m} is linearly independent.

Thus the set {T;; : 1 < i < n,1 < j < m} containing mn elements form a basis for
L(V, W) and hence the dimension of L(V, W) is mn. [
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2.3 Dual Space

Let V be a vector space over a field F. It is known that F' is itself a vector space of
dimension 1 over itself. A linear transformation from V' to F' is called a linear functional
or a linear form. If V' is of dimension n then from the last theorem of previous subsection
it follows that L£(V, F) is a vector space of dimension n. This vector space is called the

Dual space of V' and is denoted by V*. We define it formally as:

DEFINITION. 2.25 If V' is a vector space over a field F' then the space of all the linear
functionals on V' is called the dual space of V' and is denoted by V*. Thus V* = L(V, F).

THEOREM. 2.26 If V is a finite dimensional vector space then for every basis B =
{v1,0v9,...,0,} of V there is a unique dual basis {fi1, fa, ..., fu} satisfying fi(v;) = 6i;
for1 <1u,57 <n.

PRrROOF. For each t = 1,2,...,n define f; : V — F by

= 0, ifi#j

and extend f; over V' linearly, i.e., if v =7 cju; then fi(v) =377, ¢;fi(v;) = ci.

To show that B = {f1, fa,..., fa} spans V* take f € V* arbitrarily. Let f(v;) = b; for
eachi=1,2,...,n. Then by f; +bofo+ -+ b,f, € V*and for each i =1,2,... n,

(bifi+bafo+ -+ bafu)(vi) = bifi(vi) +bafo(vi) + -+ by fulvi)
= bifi(vi) = b= f(Uz‘)-
Thus f agrees with by f; + bafo + - -+ + b, f, in each member of B and hence f = b f; +
byfo+ -+ + by fn. Hence B spans V*.

To show that B is linearly independent let us take ai,as,...,a, € F such that a;f; +
asfo+ -+ a,f, =0, the zero function. Then for any v; € B,

0 = (afitaafat - +anfn)(vi) = arfi(vi) + aafo(vi) + - + anfulvi)

= az’fi<vi) = Q.

Thus a; =0 for all : = 1,2,...,n. Thus, Bisa linearly independent set and hence B is
a basis for V*. ]
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It can be noted that the functionals f; are nothing but 7;; as defined in the proof of
Theorem 2.24 where W is replaced by F'.

It is convenient to write v; for f; as defined above. Thus if B = {v, v, ...,v,} is a basis
for V then B = {01, 09, ...,0,} is a basis for V*, called the dual basis of B, where for each

i=1,2,...,n, 0; is defined by v;(v;) = ¢;; on B and extended linearly over whole of V.
DEFINITION. 2.27 Let T : V — W be a linear transformation. Then 7% : W* — V*,
defined by T*(g) = ¢T for all g € W*, is called the dual transformation or transpose of

T. Here gT' denotes the composition of maps 71" and g.

The following figure describes the composition

The next theorem is stated without proof.

THEOREM. 2.28 Let V' be a finite dimensional vector space and T :'V — W be a linear

transformation. If M(T') is the matriz representation of T' then the matriz representation
of T* : W* — V* is the transpose of T. Thus M(T*) = M(T)".

PROOF. Let us consider the following basis sets: B = {ay, aq,...,a,} a basis of V and

D = {B1,52,....Bn} a basis of W. B = {&1,ds,...,4,} and D = {B1,Ba,..., B} are
the dual basis of B and D respectively.

Let M(T) = A = (aij)mxn and M(T*) = B = (b;j)nxm with respect to the above basis
sets. Then for v = 37", ¢y € V, the i-th coordinate of T'(v) in W is 77,
1 < ¢ < m. In particular, if v = ¢, then the i-th coordinate of T'(¢v;) in W is a;; and

hence T'(a;) = Y%, a;;f;. Similar for 7%, i.e.,

aijcj,

T(Oéj) = Zaijﬂi for 1 S] S n
=1

i=1
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Also from the definition of 7%, for 1 <¢<nand 1 < j < m,

~ ~

T*(6)(cw) = B;(T(ew)) = B (Zakiﬁk> = > awBi(B) = aj.

For any f € V*, f =", f(a;)d;, hence in particular T*(B;) = Sy T*(3,) (i) =
> ajidy. But we have T* (B]) = > bi&;. Since {B1,51,.... B} form a basis of W*
and a linear map is uniquely determined by its effect on basis vectors, we have aj; = b;;
for 1 <i<n,1<j<m. Hence B = A’ [ ]

DEFINITION. 2.29 Let V be a vector space and S C V. The annihilator of S, denoted
by S°, is a subset of V* defined by S° = {f € V*: f(s) =0Vs € S}.

THEOREM. 2.30 For a subspace S of V, S° is a subspace of V*.

PROOF. If f,g € S then f(s) = g(s) =0 for all s € S. So (f + g)(s) = f(s) + g(s) =
04+0=0forall s €S, hence f+g € S°. Also for c € F, (cf)(s) = cf(s) = c0 = 0 for all
s S, ie., cf € S° Hence S° is a subspace of V*. |

THEOREM. 2.31 If S C V then (L(S))" = S°.

PROOF. Since S C L(S) if f € (L(S))° then f(s) = 0 for all s € L(S) and hence in
particular f(s) =0, or all s € S i.e., f € S Thus (L(S))? c S°.

Conversely, let v € L(S). Then there exist s1, s9,...,s, € S and scalars ¢y, ¢o, . .., ¢, such
that v = ¢181 + 282 + - - + ¢,5,. Hence for f € S° we have f(v) = f(c181 + oSy + -+ +
CnSn) = c1f(s1) + caf(s2) + - - + cuf(sn) = 0, thus f € (L(5))?, hence S° C (L(S))°.
Combining these two we have S° = (L(9))°. |

THEOREM. 2.32 Let V be a finite dimensional vector space over a field F'. Then for a
subspace S of V, dim S + dim S° = dim V.

PROOF. Let dimV = n and dim S = k < n. Let vy, vs, ..., v, be a basis for S. We choose
Ukt1, Ukt2, - -, Up SO that B = {vy,vs,...v,} is a basis for V. Let B = {01, 09, ..., 0,}
be the dual basis of B. Since for i > k and j < k, ;(v;) = 0 it follows that o; € S°
forall : = K+ 1,k + 2,...,n. Thus for each v € S since v is linear combination of
V1, Vg, . .., v it follows that 9;(v) = 0 for all i > k. Hence {0py1, Opy2,- .-, 00} C S°. Also

{41, Oks2, ..., 0,} are linearly independent.

Let f € V*. Then there are scalars ¢, ¢y, ..., ¢, such that f =" ¢0;. For each j =
1,2,...,n we have f(v;) =1 citi(v;) = ¢; since 0;(vj) = &;;. Hence f =37, f(v;)0;.
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In particular, if f € S° then f(v;) = 0 for all ¢ = 1,2,... k, thus f = > | f(v;)0;.
This shows that S° is the linear span of {01, Opto,- .., 0n}. Thus {Ops1, Opso, ..., 0p} is

a basis of S° and hence its dimension is n — k.

Hence dim S +dim S =k + (n— k) =n=dimV. |

COROLLARY. 2.33 If a vector space V is of dimension n any subspace S of V' with di-

mension k is an intersection of n — k hyperspaces of V.

PROOF. Let {vy,vq,..., v} be abasis of S. Extend this to to a basis of V', say {vy, ve, ... -
Uky ..., Unt. If v € S then v can be expressed as v = cjvy + - - - + ¢vg, hence for ¢ > k,
0;(v) = V(g + -+ + vg) = a0i(v1) + -+ + c0i(vg) = 0. On the other hand if for
v = €101 + CoUg + - -+ + CpUy, and for i > k, 0;(v) = 0 then 0;(civ; + covg + -+ - + cpvp) =
c10;(v1) + co0;(v2) + -+ - + 03 (v,) = 0 we must have ¢; = 0. Thus v € S. Hence v € S if
and only if 0;(v) =0foralli=k+1,k+2,...,n.

If for k+ 1 < i < n, H; denotes the null space of v; then dim H; = n — 1 and hence a

hyperspace of V. Thus S = (., H; is an intersection of n — k hyperspaces. |

COROLLARY. 2.34 For two subspaces Sy, Sy of a finite dimensional vector space V, SY =
S9 if and only if S; = S,.

PROOF. If S; = S, then it immediately follows that S = S5. For the converse part,
assume that S; # Sy. Then either S; — Sy # () or Sy — S; # (). In the former case choose
v € S; — Sy, then there exists f € S5, f(v) # 0 but for all f € S?, f(v) = 0. Thus
S9 £ SY. Similarly if Sy — S; # 0 then S9 # S). [

EXAMPLE. 2.35 1. In R® let o = (1,0,1),3 = (0,1,-2) and v = (—1,-1,0), f is a
linear functional on R? such that f(a) =1, f(8) = —1 and f(y) = 3. If v = (a, b, ¢)
find f(v).
First we express v as a linear combination of «, 8,7, i.e., v = ra + y8 + z7v where
1 0 -1 a

x
x,y,z € R, in matrix form, [0 1 -1 yl =10
1 =2 0 z c
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To solve this we reduced the augmented matrix:

1 0 -1 | a 1 0 -1 | a
001 -1 ] bl=f0o 1 1] b
1 =2 0 | ¢ 0 -2 1 | ¢c—a
10 —1 | a 10 —1 | a
= o1 -1 | b ~lo1 -1 | b
00 —1 | c—a+2b 00 1 | a—2b—c
10 —1 | a 100 | 2a—2—c¢
= (o1 -1 | b 1010 a-b-c
00 1 | a—2b—c 001 ] a=-2b—c

Thus x =2a—2b—c,y=a—b—c,z=a— 2b— c. Therefore,

f) = fleat+yb+zy) = zf(a) +yf(B) +2f(7)
= 2a—2b—c¢)-14+(a—b—c)-—1+(a—2b—¢c)-3
= 4a —T7b— 3c.

EXAMPLE. 2.36 1. Find the dual of the basis B = {a, 8} of R?, where a = (2,1) and
B =(3,1).
The dual basis is B = {a, B}, where the linear functionals &, 3 are such that ala) =
1,4(8) = 0 and B(a) = 0,3(8) = L.
Any element of R? is written as (z,y) = aa+b8 = a(2,1)+b(3,1) = (2a+3b,a+b).
Thus x = 2a + 3b,y = a + b, solving for a,b, a = 3y — x and b = x — 2y. Thus
(z,y) = By —x)a+ (z—2y)p.

a(x,y) = a((By —z)a+ (x —2y)B) = By — z)a(a) + (x — 2y)&(8) = 3y — « for all
(z,y) € R?. Similarly B(aj,y) =2 — 2y for all (z,y) € R%.

We can do it more conveniently with the help of matrix. We write the linear

combination as <y) = <1 1) <b) The augmented matrix is (1 . y)

Applying row reduction,
2 \:1:_>23] x _>20\—2w+6y
1 |y 01 | z—2y 01 ] x—2
0 1|

Thus, a = 3y — x,b = z — 2y. So, &(z,y) = &((3y — z)a+ (v — 2y)B) = 3y —
z)é(a) + (x — 29)a(B) = 3y — z and B(x,y) = = — 2y for all (z,y) € R%.

—_— O = W
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2. Let B = {1, as,a3} be a basis for R® where a; = (1,0, —1),a0 = (1,1,1) and
as = (2,2,0). Find the dual basis B.

If B = {&1,@2,@3} then di(Oéj) = 51] Thus dl(al) = 1,@1(&2) = O,dl(ag) =1 and

SO Onm.

Any (z,y,2) € R® can be written as a linear combination of ay, as, as as (z,y, 2) =

x 1 1 2 a;
a10q + asas 4+ asaz. In matrix notation, {y | = 0 1 2 as |. To solve for
z -1 1 0 as
ai, as, az we apply row reduction on the augmented matrix
1 12 |z 112 | =z
0 12| yl—=10121] y
-1 10 | =z 022 | z+z
11 2 | 10 0 | r—y
— 01 2 | - 10 1 2 | Yy
00 —2 | x+z—2y 00 =2 | z4+2—2y
10 0 | 1 00 | r—y
— 01 0 | z—y + z 010 | z—y+=z
00 —2 | z4+2z—2y 001 | —5+y—3

Thus ay = v —y,a2 = —y + 2z and a3 = —5 +y — 5 which gives
Yy

(7,y,2) = (x —y)ag + (x —y + 2)ae + (=5 +y — 5)as. Thus we get

N N A ya
a(x,y,2) = 041(($—y)041+(37—y+2)062+(—§+y—5)043)

= (e —y)arla) + (z =y +2)n(as) + (=5 +y — 5 ()
= x—y

Go(z,y,2) = Go((x —y)ar+ (T —y+ 2)as + (—= -y — 2)ay)

2 2
= (o= y)aslan) + (z = y +2)an(as) + (=5 +y — 5)az(as)
= r—y+z
Gy(a,y.2) = Gul(r—ylaa+ (@ —y+ 2oy + (=5 +y—)ag)
= (o= y)as(an) + (z = y +2)as(as) + (=5 +y — 5)as(as)
= —§+y—§.

3. Find the dual basis of B = {(1,-2,3), (1,—1,1), (2, —4,7)} in R®.
Let oy = (1,—-2,3),a2 = (1,—1,1), a3 = (2,—4,7), then B = {a1,as,a3}. Any

vector v = (z,y, 2) € R? can be written as v = cjaq + coap + csai3, where ¢y, ¢z, c3 €
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T 1 1 2 c1
R. Then {y| = -2 -1 —4 co | . To solve for cq,ce,c3 we reduce the
z 3 1 7 C3
augmented matrix by row operation:
1 1 2 |z 1 1 2 | x
2 —1 4 | y|=|-2 -1 -4 | y
3 1 7 | =z 0 -1 1 | 24y—=x
1 1 2 | x 1 0 3| z+(:z4+y—2)
— 01 0| y+2z |—=|(0 1 0 | Y+ 2%
0 -1 1| z4y—=x 0 -1 1| —-z+4+y+z
1 0 3 | y+z 1 00 | —3z—5y—2z
— 010 ] 224y |—=(010 | 2z +y
001 | z4+2y+= 001 | z+4+2y+z

Thus, ¢y = =3z — b5y — 2z,¢c0 = 20 + y,c3 = T +

B = {a, as, a3} is given by,

(3[1(1)) = Cl@l(al) -+ ngl(OéQ) + ngl (043) =
dQ(U) = Cld2<041) + 02(5[2(052) + 03d2(a3) =
dg(l)) = 01@3(@1) + 02@3(042) + ngg(Oé3) =

2y + z. Hence the dual basis

cp = —3x—5y—2z
co = 2x+y
cs = x+2y+=z.

It is a good practice to verify whether there is any mistake in calculation.

a1(cn) = u(1,-2,3) =—3.1-5(-2)—23
dr(cs) = 6u(1,—1,1) =—3.1—5(—1)—2.1
d1(as) = 61(2,—4,7) = —3.2—5(—4) — 2.7
do(on) = @o(1,-2,3) =21+ (=2) = 0
do(cn) = 6in(l,—1,1) =214 (=1) = 1
Qo) = @a(2,—4,7) =22+ (—4) = 0
ds(on) = @s(1,-2,3)=1+2(=2)+3 = 0
ds(on) = as(l,—1,1)=1+2(-1)+1 = 0
as(os) = as(2,—4,7)=2+2(—4)+7 = 1.

EXAMPLE. 2.37 If S is the subspace of R* spanned by a; =

(0,1,4,—1) find the annihilator S°.

(1,2,-3,4) and ay =

A linear functional on R* is of the form ¢(z, vy, z, w) = ax+by+cz+dw for all (z,y, z,w) €

R* where a,b,c,d € R.
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Let ¢ € SY. Then ¢(x,y, 2, w) = 0 for all (z,y,z,w) € S. f ¢(x,y, 2, w) = ax+by+cz+dw

then since aq, ap form a basis for S, ¢(ay) = ¢(as) =0, i.e.,

$(1,2,-3,4) = a+2b—3c+4d=0
$(0,1,4,—1) = b+4c—d=0.

We have two equations of four unknowns a, b, ¢, d. The solutions contain two parameters.
Let us take particular values ¢ = 1,d = 0, then we have a +2b—3 =0 and b+ 4 = 0
which give a = 11,b = —4. This gives a member ¢; of S°, ¢1(z,y, z,w) = 11z — 4y + 2.
Again taking ¢ = 0,d = 1 we have a+2b+4 = 0 and b — 1 = 0 which give b = 1,a = —6.
Thus another member of S° is ¢o(z,y, 2,w) = —62z + y + 2. Since dimension of SY is 2

and ¢y, ¢y are linearly independent, {¢;, ¢o} forms a basis for S°.

ExXAMPLE. 2.38 Let V be the vector space of all polynomial functions p from R to R

have degree 2 or less : p(z) = o + c1@ + cex?. Define three linear functionals on V' by

A0 = [ o) de )= [ o) an fo)= [ o

Show that {f1, f2, f3} is a basis for V* by exhibiting the basis for V' of which it is the
dual.

Let p1, pa, p3 be the members of V' of which f1, fo, f3 are dual. If p(z) = co+crz+coa® € V
2 a3

then for a € R, / p(z) de = / (co+ 17 + cp2?) dx = coa + cl% + ey Thus,
0 0

! 1 1
filp) = / p(x) de =co+ 501 + 502
0

2 22 s 8
fa(p) = / p(x) doe = 2co + —c1 + —co = 2c0+ 2¢1 + =co
0

2 3 3
-1 1 1
flp) = [ ple) de= o+ 5o - 3o
0 3

When p = p; we have fl(p1) = 17f2(p1) =0, f3(p1) =0, e,

1 1 8 1 1
Cco + 501 + 502 = 1, 200 + 201 + 562 = 0, —Co + 501 - gCQ = 0.
To get p; we need to solve for ¢y, ¢1, co. In matrix notation the system becomes,
I é o 1
2 2 3 c1 | = | 0]. Similarly, for po and p3 respectively we need to solve the
—1 % —% Cy 0
T S O 7R N 1L\ fe\ (0
following systems, | 2 2 % cal=1|1])and | 2 2 % cal =10
-1 1 -1/ \e 0 -1 1 -3/ \e 1
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For the three systems the augmented matrix is written together and reduced as

1 5 3 | 100 12 1100 11 3| 1 00
2 2 5§ |010[=]22%010[=]012]-210
-1 4 -2 ] 001 01 0] 101 01 0] 1 01
L3 5 11 00 1210 0
w101 2 | =2 1 of=>f0o12] =21 o0
00 -2 1] 3 —-11 00 1 | —% % —%
10 -2 2 —5 0 100 | 1 —3 —3
— 10 2 | -2 1 0]|—=]010] 1 0 1
o0 1 -3 b ) oty
Thus for py, (¢co, c1,¢2) = (1,1 )1e m(z )—1—1—35——35 Similarly, for ps, (co,c1,c2) =
(—%,0,3), Le, po(x) = —¢ + 322 and for p3, (co,c1,2) = (—3,1,—3), ie, py(z) =
—% +x— %xz. We verify the calculations as follows:
1 1 2 371
3 x 3z 3 1
fl(p1> = /0p1(36)d33=/0(1+x—§x2)dx: $+E—§§0:§—§:1
2 2 2 372
3
falp) = /pl(x)d$=/(1+x——x2)dx= x+x__x_ =0
0 0 2 2 2 B
-1 -1 2 371
3
fs(p1) = / pl(:v)dx:/ (14— 22 de = |o+ > —2| =0
0 0 2 2 2|,
! L1 1 12%)
= dr = —— 42N dr = |—= -—=| =0
fi(p2) /Opz(l‘) T /o( 6+2x) T [ 6I+23L
= dr = —— — 2 d == - - =1
fa(p2) /Opz(x) T /O( 6+2x) T [ s 6]0
- o1 1 23!
= d = —_— a2 d = — = R :0
b = [ mde [Cgegta = e |
! LU | 1 1 22 23]
fi(ps) /Ops(x) x /0( 5 +e Qx) x { 3T 6]0
2 2 2 372
1 1 1 x x
f2(ps3) /0P3($) x /0( 3—1—33 23:) x { Bx—l— 5 6]0
-1 B! 1 1 22 237!
= dz = ——4r—=2’)dr = |-+ —-—| =1L
f3(ps) /0 p3(x) do /0 ( 3+x Qx) T [ Sx—i— 5 6}0

Hence the dual of {p1,ps, ps} is {f1, f2, f3}. Since {p1,p2, ps} is a basis for V| {f1, fa2, f3}
is a basis for V*.
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2.4 The Double Dual

If V is finite dimensional vector space over F' then since V and V* are both are of same
dimension over F', they are both isomorphic to F*. Thus V' is isomorphic to V*. However

defining an isomorphism from V' to V* depends on the particular choice of the basis of V.

DEFINITION. 2.39 For a vector space V' the dual of V* is called the double dual of V' and
is denoted by (V*)* or simply by V**.

THEOREM. 2.40 Let V' be a finite dimensional vector space over a field F. The map
ey : V= V** defined by ey (v)(f) = f(v) for allv € V for all f € V*, is an isomorphism
of V onto V**.

[Note that the members of V* are linear functionals of V', i.e. linear maps from V to
F', and the members of V** are linear functionals of V*, i.e., linear maps from V* to F.
Thus in the statement of the theorem ey (v) € V**, ie., ey (v) is a linear map from V* to
F. According to the statement ey (v)(f) is the value of ey (v) at the point f, which, by
definition is f(v).]

PROOF. For vy, vy € Vic € Fand f € V* ey (cvi+v2)(f) = f(cvi+ve) = cf (v1)+ f(v2) =

cey(v1)(f) + ev(v2)(f). Hence ey(cvy + ve) = cey(v1) + ey(vy). Thus ey is a linear

transformation.

Since both of V' and V** are of same dimension it is sufficient to show that ey is injective.
Let v € null ey. Then ey (v) = 0, where 0 denotes the zero element of V** which is the
the zero mapping on V*. Thus ey (v)(f) =0 for all f € V* ie., f(v) =0 for all f € V*.

Hence v = 6 which implies that ey is injective. Thus ey is an isomorphism. |

Since ey is bijection the following is immediate.

COROLLARY. 2.41 IfV s a finite dimensional vector space then for each L € V** there
exists unique v € V' such that L = ey (v).

COROLLARY. 2.42 IfV is a finite dimensional vector space then every basis of V* is the

dual of some basis of V.

PrROOF. Let B* = {fi, f2,..., fn} be a basis of V*. Then it has a dual basis B* =
{fl, far.., fn} in V**. By the above corollary for each f; in V** there is unique «; in V
such that ﬁ =ey(a;), 1 <i < n. Since B* is a basis of V** and ey is an isomorphism,

B ={ajaq,...,a,} is a basis of V.
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By definition of ey, ey (a;)(f;) = fi(a;) for 1 < j < n. On the other hand ey (a;)(f;) =
.]Ez<fj) = 523 Hence fj(Oéi) = 5@']'7 1 S Z,j S n. This shows that fz = (3(1 forall7 = 1, 2, A
Thus the basis B* is the dual of the basis B. |

The isomorphism from V' to V** defined in the above theorem is independent of any choice

of particular basis. We can identify V' with V** under this isomorphism v — ey (v).

THEOREM. 2.43 Let V be a finite dimensional vector space. For a subset S C V, (S°)°
is the subspace spanned by S.

PROOF. It is known that for S C V, S is a subspace of V* and hence (5°)° is a subspace of
V. Also (L(S9))? = S°. So it is sufficient to show that for a subspace S of V, (S9)? = S.

Note that dim S + dim S° = dim V' and dim S° + dim(S°)? = dim V*. Since dimV =
dim V* we have dim S = dim(S°)°. Since S is a subspace of (S°)° we have S = (SY)°. &

EXAMPLE. 2.44 Let V =R", S = {(z1,22,...,2,) : x1 + 22+ -+ + 2, = 0}. (i) Show
that S is a subspace of V' (ii) Find S° and (iii) S*.

(i) Follows from the fact for v,w € S and for c € R, v+w € S and cv € S.

(ii) If f € V*, then the linear map f : R™ — R can be represented by an 1 x n matrix
A= (c1ca -+ ¢,) and for v = (21, 29,...2,) € R", f(v) = Av = A(xy 23 -+ x,)" =

C1To + CoXg + =+ + CpTy.

f € SYif and only if f(s) = 0 for all s € S. Since for s = (z1,29,...,7,) € S,
1+ a0+ x, =0, c1xe+ o9+ -+ cpx, =0if and only if ¢; = ¢y = --- = ¢,. Hence

f must be of the form f(v) = cv for some scalar ¢. Thus
SO={f:R" > R:3ceR, f(v)=cvVveR"}

(iii) Define ¢ : S — S* as follows: for v = (¢, ¢9,...,¢,) € S, @(v)(x) = c1w1+ oo+ -+
cnxy forall (xy, x9,. .., x,) € S. Then it immediately follows that ¢ is linear and bijective.
Hence S* is precisely the collection of all those f, f(x1,xo, ..., x,) = c1xat+coxo+- - +cpx,
such that ¢; + ¢34+ -+ ¢, = 0.

2.5 Eigenvalues and diagonalization

DEFINITION. 2.45 Let V be a vector space over a field F and T : V — V be a linear
operator. A scalar ¢ € F is called a characteristic root or eigenvalue of the operator T’
if there exists a non-null vector a € V' such that T'(«) = ca. The vector « is called the

characteristic vector or eigenvector associated with the characteristic root c.
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THEOREM. 2.46 If ¢ is a characteristic root of a linear operator T' on a vector space V

then the set of all characteristic vectors form a subspace of V.

PROOF. Let I denote the identity transformation, then ¢l is a linear operator on V
and hence T — ¢l is a linear operator on V. A vector a € V is a characteristic vector
associated with ¢ iff T(a) = ca iff T'(a) = cl(a) iff (T' — cI)(a) = 0. Thus the set of
all the characteristic vectors is the null space of the linear operator T — ¢I and hence a

subspace of V. ]

DEFINITION. 2.47 The subspace of all the characteristic vectors associated with a char-

acteristic root c is called the characteristic spaces associated with c.

For a finite dimensional vector space V the characteristic vectors can be found with the

help of associated determinant.

THEOREM. 2.48 Let V' be a finite dimensional vector space and T : V — V be a linear

operator. Then the followings are equivalent:

1. ¢ is a characteristic root of T

2. det(T —cl) = 0.

PROOF. (1) = (2): We do not distinguish the linear operator 7" with its matrix repre-
sentation. If o is a characteristic vector associated with ¢ then T'a = ca. if I denotes
the unit matrix, then Taw — claw = 0, i.e, (T'— ¢l )av = 0. This shows that the system of
homogeneous linear equations (7' — ¢l)x = 0, where x = (z1 2 ... z,)", has a non-null

solution . Hence the matrix 7" — ¢/ must be singular, i.e., det(7" — ¢I) = 0.

(2) = (1): If det(T'—cI) = 0 then the system of homogeneous linear equations (I'—cl)x =
0, where x = (1 22 ... x,)", has a non-null solution, say z = «. So (T — ¢I)a = 0 which
gives Taw — cae. Hence ¢ is a characteristic root of 7" and « is a characteristic vector

associated with c. [ |

DEFINITION. 2.49 If T is a linear operator on a vector space V of dimension n then
det(T — cI) is a polynomial in ¢ of degree n. This polynomial is called the character-
istic polynomial of the linear operator 7. The equation det(7" — ¢I) = 0 is called the

characteristic equation of T.

DEFINITION. 2.50 If A is an n x n matrix then the polynomial det(A — AI) in A is called

the characteristic polynomial and the equation det(A— AI) = 0 is called the characteristic
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equation of the matrix A. A root of the characteristic equation is called a characteristic
root or eigenvalue of the matrix A and any vector x satisfying the relation Ax = Az is

called a characteristic vector or eigen vector associated with the characteristic root .

Recall that two matrices A, B are called similar matrices if there exists a matrix P such
that B = P71AP.

THEOREM. 2.51 Similar matrices have the same characteristic equation and hence the

same characteristic roots.

PROOF. Let the matrix A and B be similar. Then there exists a non-singular matrix P
such that B = P7'AP. Then

det(B— M) = det(P'AP —XI) = det(P'AP — P7'\IP)
= det(P'(A— A)P) = det(P~')det(A — \I)det P
= det(A — \I).

Hence the result. ]

DEFINITION. 2.52 A linear operator T" on a finite dimensional vector space V' is called

diagonalizable if V' has a basis each vector of which is a characteristic vector of T.

Let T be a diagonalizable linear operator on a finite dimensional vector space V. Then
there is an ordered basis {vy, va,...,v,} of V| each v; being a characteristic vector. Let
¢; be the characteristic root such that T'(v;) = cv;, 1 <14 < n. Let us denote the matrix

representation of T' by T itself and v! be the transpose of the vector v;. Then Tv! = ¢;vf,

1 <i<n. Let P= (vl vl--- o), the columns of the matrix P are the transposes of v;.
Then TP =T (vt vh--- vf) = (c10h covl -+ cpul) = (v} b -+ ob)-diag(cq, ca, ..., ) = P-
diag(cy, co, . .., cy), where diag(cy, ¢a, . . ., ¢,) represents the diagonal matrix whose entries
are ci, Cy, . .., C,. Hence P7'TP = diag(cy, ca,. .., c,), i.e., the matrix representation of a

diagonalizable linear operator is similar to a diagonal matrix.

-9 4 4
EXAMPLE. 2.53 Show that the matrix A= | —8 3 4| over R is diagonalizable. Find
—-16 8 7

a matrix P such that P~'AP is a diagonal matrix.



Department of Mathematics, P R Thakur Govt College 45

The characteristic polynomial is give by

-9-X 4 4 —1-X 1+Xx O
-8 3-X 4 | =] -8 3-X 4
—16 8§ T7T—2A —16 8 T—=2A
—1 1 0 —1 0 0
= 14+N]|-8 3-X 4 [ =(1+)N|-8 -5-) 4
-16 8 T-A -16 -8 T7T-A
1 0 0
= (14+MN)|8 5+X 4 | = 1+XN(GB+A)(T—-X)—32)
6 8 T7T—2A

= (IT+NB+22-X) = 1+ N1 +N)EB—N).

Hence the characteristic roots are A\ = Ay = —1, A3 = 3.
-8 4 4
For A\; and Ay the matrix A — A/ = | —8 4 4| has rank 1 and hence nullity 2, i.e.,
—16 8 8
its null space has 2 linearly independent vectors. If x = (z1 x5 z3)" is a characteristic
-9 4 4 Ty —T
vector associated with Ay = —1then | —8 3 4 2y | = | —x2 | which gives a single
—-16 8 7 T3 —T3

equation —2x; + x9 + x5 = 0. Taking x3 = 0 we get a solution (1,2,0) and taking 25 = 0

we get a solution (1,0, 2) which are linearly independent.

—12 4 4 -3 11 -3 11 0 00
For\s=3 A—X = -8 04| ~|-20 1] ~|-201]~|-2 01
—-16 8 4 —4 21 -1 10 -1 10
has rank 2 and hence nullity 1, i.e., its null space has 1 vector. If z = (x; 22 x3)'is a
-9 4 4 T 3ZE1
characteristic vector then | —8 3 4 o | = | 3x2 | which gives the homogeneous
—-16 8 7 T3 3x3

equations —2xy + x3 = 0, and —x; + o = 0. This gives a solution xy = 1,29 = 1,23 = 2.

The characteristic vectors v; = (1,2,0),v, = (1,0,2) and v3 = (1,1, 2) are linearly inde-

pendent and hence form a basis for R®. Thus the matrix is diagonalizable.

1 11
If we take the matrix P = |2 0 1], whose columns are transposes of v, vy, v3 then
0 2 2
-1 0 0
AP = ()\17}1 /\2’02 )\31)3) = (—Ul — V2 31}3) =P 0 -1 0]. :[‘IGIICG7 P_lAP =
0O 0 3

-1 0 0
0 —1 0] which is the diagonalization of A.
0 0 3
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6 —3 -2
ExXAMPLE. 2.54 Verify whether the matrix A= | 4 —1 —2 | over R is diagonalizable.
10 =5 -3
6-A =3 -2
The characteristic equation is | 4 —1-A -2 = 0. Using row and column
10 -5  —3-A
operations on the determinant,
6— A -3 —2 2—X =242 0
4 —1-=A -2 |= 4 —-1-X =2
10 -5 —3—-A 10 -5  —3-A
1 -1 0 1 0 0
= (2=XN]4 —-1-2A\ -2 |=2=-XN|4 3—-X 2
10 -5 —3—-A 10 5 —3—-A
1 0 0
= —2=XN1]4 3—=X 2 |==2-=-N(B=XNB+A) —10)

10 5 3+
= (2-XN)(1+)?).

Hence the characteristic equation is (2—\)(14A?) = 0 which has only one real root A = 2.
So the characteristic vector can not span V. Hence the matrix A is not diagonalizable
over the field R.

The filed concerned is important. It can be noted that the characteristic equation has
three roots over the field of complex numbers, A\; = 2, Ay = 7, \3 = —i. Hence it can be

shown that the matrix is diagonalizable over the field C.

THEOREM. 2.55 If A is a non-singular matriz over a field F and c is a characteristic

root of A the ¢! is a characteristic root of A~! with same characteristic vector.

PROOF. We have ¢ £ 0. Then |A —cI|=0= |[AA™' —cIA7 | =0= |- cA7|=0=

|21 — A7'| = 0. Hence 1 is a characteristic root of A7, |

THEOREM. 2.56 The characteristic roots of a matriz A are the same as those of A,

PROOF. If ¢ is a characteristic root of the matrix A then |A — ¢I| = 0. This implies that
|A—cl|' =0= |A" — cI'| =0 = |A" — ¢I| = 0. Hence ¢ is a characteristic root of A*. W

THEOREM. 2.57 The characteristic roots of a real symmetric matrix are all real.

PROOF. Let A be a characteristic root of a real symmetric matrix A and x be a character-

istic vector associated with A\. Then Ax = Az, taking complex conjugate on both sides,
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since A is real,

Az =1 = (Az)'=)\1' = z'A=)\7'

Hence,

\elr = 7'Az = ' e = Azl
Ifx = (x1,29,...,2,)" € C"then T’z = 121+ Toxo+ - -+ Tpxy = |21 >+ T2+ 4|z, |* >
0. Hence A = ), ie., \is real. [ |

THEOREM. 2.58 The characteristic roots of a real skew-symmetric matriz are purely

1maginary.

PROOF. Let A be a characteristic root of a real skew-symmetric matrix A and = be a
characteristic vector associated with A\. Then Ax = Az, taking complex conjugate on

both sides, since A is real,

Az =21 = (Az)' =\ = z'(—A) =\

Hence,

Ml = 7'(—Az) = —7' 1 = —\7'2.
If v = (21,29, ...,2,) then 'z = Zy2) + Towy + - - + Tpw, > 0. Hence A = — ), ie., \is
purely imaginary. ]

THEOREM. 2.59 The characteristic roots of a real orthogonal matrixz have modulus 1.

PROOF. If A is an orthogonal matrix then AA* = A'A = I. If \ is a characteristic root

and v is an associated characteristic vector then Av = Av. Then (Av)" = \v'. Hence

(Av)'(Av) = Molv = ' A"Av = A\olv = o' v = A\l = vlo = Aol

= o'v(l -\ =0.

Since viv = ||v]| # 0 we must have 1 — A\ =0, i.e., A = £1. |

Recall that for arbitrary matrices A = (a;;)nxn and B = (bij)nxn, AB = C = (Cij)nxn,
where ¢;; = Y ;_, aixby;. Hence Tr(AB) = Y " i = Yo > p_q Girbgi. Similarly,
Tr(BA) = > > biwar; = Tr(AB). Thus Tr(AB) = Tr(BA). We use the fact in

the next result.
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THEOREM. 2.60 The sum of characteristic roots of a matriz is the trace of the matriz.

PROOF. Let the matrix A over a field F' have characteristic roots Aj, Aa, ..., A,. These
roots all may not belong to the field F' but belong to some algebraic extension Fj of
F. Then there exists a non-singular matrix P over F; such that B = P~!AP is the
diagonal matrix diag(\i, Ag, ..., A\,). Since the characteristic roots of a a diagonal matrix
are the diagonal elements and similar matrices have same characteristic roots, it follows
that Tr(A) = Tr((AP)P™Y) =Tr(P'AP) =Tr(B) = A + Ao+ -+ + A\ |

2.6 Minimal Polynomial

For a field F the set F[z] of all the polynomials with coefficients from F' is a commutative
ring with unity. Moreover F[z] is a PID and every ideal in F[z] is generated by a unique

monic polynomial.

If V' is a vector space over a field F'and T' € L(V, V) is a linear operator on V' then for any
neN, T e L(V,V) and for c € F, ¢TI € L(V, V). Hence for p € Flz], p(T) € L(V,V).

LEMMA. 2.61 Let V be a vector space over a field F' and T be a linear operator on V. If
¢ 1s a characteristic root of T and v is a characteristic vector associated with ¢ then for

any polynomial p over F p(T)(v) = p(c)v.

PROOF. We have T'(v) = cv. Assume T*(v) = c*v for some k > 1 then TF(v) =
TT*(v) = T(c*v) = T (v) = Fev = Flv. Hence by induction T™(v) = ¢™v for all

m € N.

If p(x) = ag + a1 + asx® + - - - + a,2" be a polynomial over F then

p(T)(v) = apv+ a;T(v) + aT?*(v) + - + a,T"(v)
= agv + a1cv + ascv + - - + a, M

= (ap +aic+axc® + -+ a,c")v = plc)v.

DEFINITION. 2.62 Let T be a linear operator on a vector space V over a field F. A
polynomial p € F[x] is called an annihilating polynomial of T if p(T') = 0.

LEMMA. 2.63 The set of all the annihilating polynomials of a linear operator T on a

vector space V' over a field F' form an ideal in F|x].

PROOF. Let p, ¢ be two annihilating polynomials of the linear operator T. Then p(T') =
q(T) = 0. Hence (p — q)(T) = p(T) — q(T') = 0 showing that p — ¢ is an annihilating
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polynomial. Also for any polynomial f € F[z], (pf)(T) = p(T)f(T) = 0f(T) = 0, hence

pf is an annihilating polynomial. |

It is known that for a field F' the ring F[x] is a PID, hence for a linear operator 7" on a
vector space V' over F' the ideal of annihilating polynomials of 7" is generated by a unique

monic polynomial g.

DEFINITION. 2.64 Let T be a linear operator on a vector space V over a field F. The
unique monic polynomial g is called the minimal polynomial of T if the ideal of all the

annihilating polynomials of 7" is generated by g.

DEFINITION. 2.65 For a square matrix A over a field F' a monic polynomial g(x) is
called the minimal polynomial of A if the ideal of all the annihilating polynomials of A is
generated by g

THEOREM. 2.66 If V' is finite dimensional vector space then for any linear operator T

on V the ideal of annihilating polynomial is non-zero.

PROOF. Let dimV = n, then dim L(V,V) = n% If T € L(V,V) is a linear operator,
consider the n? + 1 linear operators I,T,77,... ,T"2 on V. Since dim L(V,V) = n?
these n? + 1 vectors must be linearly dependent. So there are scalars, not all zero,
C0sC1,yCay .-y Cpz such that col + T + cT% + - + ¢,2T™ = 0. Taking p(r) = co +
1 4 cx? + - + cpea™ then p € F[z] and p(T) = 0. Thus p is a non-zero annihilating
polynomial of T'. [ ]

THEOREM. 2.67 Let A be an n X n matrix over a field F'. Then the minimal polynomial

and the characteristic polynomial of A have the same roots except for multiplicities.
The same result is true for a linear operator on an n dimensional vector space V also.

PROOF. Let p be the minimal polynomial of A. Then p(A) = 0. It is sufficient to show

that a scalar ¢ is a root of p(z) = 0 if and only if ¢ is a characteristic root of A.

Assume that ¢ is a root of p(z) = 0. Then p(z) = (x — ¢)g(z) for some polynomial
q(z). So, 0 = p(A) = (A —cl)q(A). Since p is minimal polynomial and degq < degp
it follows that ¢(A) # 0. We choose a vector w such that ¢(A)w = v # 0. Then
0=pA)w = (A—cl)g(A)w = (A — ¢l )v which shows that ¢ is a characteristic root and

v 1s an associated characteristic vector.

Conversely, assume that ¢ is a characteristic root of the matrix A. If v is a characteristic
vector associated with ¢ then by Lemma 2.61, p(A)v = p(c)v. Since p(A) = 0 we have

p(c) =0, i.e., ¢ is a root of the minimal polynomial. [
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REMARK. 2.68 It follows from the above that for V' is a vector space over a field F

1. The minimal polynomial divides the characteristic polynomial and hence the degree

of minimal polynomial can not exceed the dimension of the vector space.

2. if A is a diagonalizable matrix with the distinct characteristic roots Ay, Ao, ..., Ax

then p(z) = (x — Ay)(z — Ag) - - - (x — Ag) is the minimal polynomial of A.

3. If A is not diagonalizable then the roots of the characteristic polynomial belong
to some extended field F;. The product of linear factors for distinct characteristic
roots in the extended field is the minimal polynomial. However, it can be proved

that the coefficients of the minimal polynomial belongs to the original field F'.

3 -1 0
EXAMPLE. 2.69 Find the minimal polynomial of the matrix A= [0 2 0
1 -1 2
33—z -1 0
The characteristic polynomial of Ais| 0 2—2z 0 |=(3—2)(2— )% Hence the
1 -1 2—-x
minimal polynomial will be either (3 — z)(2 — z) or (3 —z)(2 — )%
Now, (31-A)(21-A) =
[ /3 0 0 3 -1 0 2 00 3 =1 0
03 0f-10 2 0J|x|[[0O2O0]-]0 2 0
| \0 0 3 1 -1 2 0 0 2 1 -1 2
0 10\ /-110 000
= 0 10 0 00 =1{000
-1 11 -1 10 0 00

Hence the minimal polynomial is p(z) = (3 — z)(2 — z).

ExAMPLE. 2.70 Find the characteristic polynomial and the minimal polynomial of the
0 0 ¢

matrix A= |1 0 b
01 a

The characteristic polynomial is given by

0—=x 0 c —x 0 c
1 0—-2 b | =|1 0 btar—2? = (—1)(a® a2’ — bz —c).
0 1 a—x 0 1 a
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The minimal polynomial p(x) has degree <3. Let us take a polynomial of degree 2,
f(z) = 2? + px + q. Then

2

0 0 ¢ 0 0 ¢
f(A) = (1 0 b +p|1l 0 b|+4ql

01 a 01 a
0 0 ¢ |00 ¢ 0 0 ¢ g 0 0

= (1 0 b/-]1 0 b|+1p 0 b|+|0 g O
01 01 a 01 a 0 0 ¢
0 c ac 0 0 ¢ qg 0 0 q c ac—+c

= 10 b c+abl+p 0 b|+|0 g O = |p b+q c+ab+b |#0.
1 a b+a? |01 a |00 ¢ 1 a+1 b+a*+a+gq

Thus f(z) can not be the minimal polynomial. So degp(x) = 3. Since the characteristic

polynomial divides p(x) we have p(x) = 23 — az? — bx — c.

ExXAMPLE. 2.71 Let n be a positive integer, and let V' be the space of polynomials over
R which have degree at most n. Let D be the differentiation operator on V. What is the

minimal polynomial for D?

A basis for V is {1,z.2% ...,2"}. D operates on the basis as follows: D1 = 0, Dz =
1,Dx* = 2z,...,Da™ = na"'. We observe that for any f € V, D""'f = (0 and for
k<n, D" =n(n—1)(n—2)---(n — k + 1)z" % # 0. Hence the minimal polynomial
of D is p(z) = 2™t
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3 Inner Product Spaces

DEFINITION. 3.1 A vector space V over the field of complex numbers C is called an
inner product space if for each x,y € V there exists a unique complex number, denoted

by (x,y), which satisfy the following properties:

1. (x,y) = (y,z)* for all x,y € V, where for z € C, z* denotes the complex conjugate

of z,
2. (\x,y) = XMz, y) for all z,y € V and for all A € C,
3. (x+y,2) = (x,2) + (y,2) forall z,y,z € V,

4. (z,z) >0 and (r,r) =0 if and only if z =0 for all x € V.

If V' is a vector space over the field of real numbers R, then condition 1 stated above

becomes
L* (x,y) = (y,x) for all z,y € V.

In such case V' is called a real inner product space.

It immediately follows from definition that if V' is an inner product space, x1,xs,...,x, €

V, Y1,Y2,-- -, Yn < V, )\1,)\2,...,/\7“#1,/12,...,[1% € (Cthen
<Z )\ixhzluiyi> = Z&N:@myﬁ
=1 =1 =1

ExamPLE. 3.2 1. Let n be a positive integer. For all z = (z1,29,...,2,), vy =
(Y1, Y2, ---,yn) € R" define (z,y) = > i, 2z;y;. Then ( ) defines an inner prod-

uct on R". This inner product is nothing but the usual dot product in R".

2. Consider the unitary space C",n € N. For x = (§1,&,...,&.), vy = (M1, M2, .., My) €
C", define (z,y) = > | &7i, then C" is an inner product space.

3. Consider the 7 space, where p > 1 is a real number, whose members are all the
sequences of numbers (real or complex) {z,} such that > |z, |’ is convergent. ¢ is
a normed linear space. It can be verified that ¢? is an inner product space where

the inner product is defined by (z,y) = > oo, x4, © = {z;}, vy = {yi}-

4. For all f, g € L%, the set of all square summable functions, define (f, g) = [, rfgdu.

Then () is an inner product in L%,.
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PROPOSITION. 3.3 (Schwarz inequality) Let V' be a real inner product space and x,y € V.
Then

[z, )" < (2, 2){y, ).
PROOF. Put A = (z,2), B = (z,y) and C = (y,y). Then for all A € R,

AN +2BA+C = NA+AB+AB+C
= Xz, x) + Mz, y) + Mz, y) + (v, y)
= (Az, A7) + (Az,y) + Az, y) + (Y, y)
= Az, Az) + (y, Az) + (Az,y) + (y,9)
= Az +y, )+ Mz +y,y)
= Az, x+y)+ (y, \x +v)
= (Ar+y \x+y)
> 0.

Thus B? < AC, i.e., (z,y)* < (x,z)(y,y). Taking positive square root, we have |{x,y)| <

VAT )Y, ).

THEOREM. 3.4 Let V' be a real inner product space. Define for each x € V, |jz| =

Vi{x,x). Then ||,| is a norm on V.
PROOF. For z € V, ||z|| = v/(z,x) > 0. Also ||z| = 0 iff ||z]|* = 0 iff (x,z) =0 iff z = 0.
For z € VX € R, | Az|| = /(\z, \x) = /N {(z, x) = |\|||z].

Finally, for =,y € V, [z +ylI* = (v +y,2 +y) = (z.2) + 2z, )] + (y,9) < ||z +
2[lz|lyll + lly]|* (by Schwarz inequality). Hence ||z + y||* < (||z|| + ||ly]|)? which implies
that [l +y| < [lz]| + [ly-

Thus ||, || is a norm.

REMARK. 3.5 An inner product on a real inner product space induces a norm on the
space. So we can talk of continuity and convergence with respect to the metric induced
by this norm.

DEFINITION. 3.6 A complete real inner product space is called a Hilbert space.

THEOREM. 3.7 The norm of an inner product space V' satisfies the parallelogram equality:

lz +yl* + llz = ylI* = 2([llI* + lyll*), =,y € V-
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PrOOF. For x,y € V,

le+yll>+llz—yl® = (+yz+y) +(@—y,z—y)
(z,7) +(z,y) + (v, 7) + (¥, y) + (v, 2) — (v,9) — (¥, 7) + (¥, )
= 2((z,x) + (g, ) = 2(|lzlI> + lyl*).

The following example says that a normed linear space in general may not satisfy the

above equality.

ExXAMPLE. 3.8 Consider the 7 space, p # 2. Then 7 is a normed linear space. Take
x = {1,1,0,0,0,...}, vy = {1,—-1,0,0,0,...}. Then ||z]| = ||y| = 92+ and |z + y|| =

|z — y|| = 2. Hence it does not satisfy the parallelogram equality.

It follows from the above that 7 is not an inner product space for p # 2.

In an inner product space V', if the norm is known then the inner product can be obtained

from the following formula: for z,y € V', where V' a real inner product space,

1
(wy) = FUz+yl* =llz =yl

For a complex inner product space V' the formula is the polariation identity, given by,

1
Re(w,y) = F(le+yl” = llz —yl),

1 , :
Im{w,y) = Z(lz+iyl® = e —iy[),

DEFINITION. 3.9 Let V be an inner product space, x,y € V. Then x and y are said to be
orthogonal if {(x,y) = 0 and is written as x L y. Two sets A, B C V are called orthogonal
if for all x € A,y € B, (x,y) = 0 and is written as A L B.

A set A C V is called an orthogonal set if for z,y € A, x L y. In particular, a basis B
of V' is called an orthogonal basis if the set B is orthogonal. If Moreover, ||z|| = 1 for all
x € B, then the basis B is called orthonormal.

ExXAMPLE. 3.10 1. In R", for i # j, oy L a;, where {ay, aq,...,,} is the standard

basis of R™. This is an orthonormal basis.

2. In L?

[=m,7]

the functions sinmax, sinnx, m # n,m,n € N, are orthogonal.
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3. In L[Q—Ll}’ P, (z) L P,(X) whenever m # n, where P,(x) is the Legendre polynomial

of degree n.

THEOREM. 3.11 (Pythagorean Theorem) In an inner product space if x L y then ||x +
ylI? = [lz)I* + Iyl
For a real inner product space the converse is also true. However converse is not true for

a complex inner product space.

THEOREM. 3.12 In an inner product space any orthogonal set is linearly independent.

PROOF. Assume that B C V is an orthogonal set. Let z1,x9,...,2, € B and ¢{,ca,...c¢,
be scalars such that c;x; + cowg + -+ + ¢pxy, = 0. Then for 1 < k < n, 0 = (0,2) =
O cmiyxg) = Yo cilwy, wp) = cplwg, xr) = cxl|lzkl|®. Since xy is non-zero vector,

¢y, = 0. Hence B is linearly independent. |

THEOREM. 3.13 If V s a finite dimensional inner product space with a basis B =
{a1,ag,...,a,} then it has an orthogonal basis B = {f1, B2, ..., Bn} such that for each

1 S k S n, L({(Xl,a27 PN ,ak}) = L({ﬂl,ﬁg, N 76k})



