Study Material on CC-8

Department of Mathematics, P. R. Thakur Govt. College
MTMACOROST: (Semester - 4)

Syllabus:

Unit -1 : Riemann integration: inequalities of upper and lower sums, Darboux integration, Darboux
theorem, Riemann conditions of integrability, Riemann sum and definition of Riemann integral through
Riemann sums, equivalence of two Definitions. Riemann integrability of monotone and continuous
functions, Properties of the Riemann integral; definition and integrability of piecewise continuous
and monotone functions. Intermediate Value theorem for Integrals, Fundamental theorem of Integral
Calculus.

Unit-2 : Improper integrals, Convergence of Beta and Gamma functions.

Unit-3 : Pointwise and uniform convergence of sequence of functions. Theorems on continuity, deriv-
ability and integrability of the limit function of a sequence of functions. Series of functions, Theorems
on the continuity and derivability of the sum function of a series of functions; Cauchy criterion for
uniform convergence and Weierstrass M-Test.

Unit 4: Fourier series: Definition of Fourier coefficients and series, Reimann Lebesgue lemma, Bessel’s
inequality, Parseval’s identity, Dirichlet’s condition. Examples of Fourier expansions and summation
results for series.

Unit — 5: Power series, radius of convergence, Cauchy Hadamard Theorem. Differentiation and
integration of power series; Abel’s Theorem; Weierstrass Approximation Theorem.

1 Riemann Integration
1.1 Partition

DEFINITION. 1.1 Let [a,b] be a closed interval in R. By a partition P of [a,b] we mean a

finite set of numbers {xo,z1,...,2,} such that a =29 < z1 <22 < -+ <z = b.

We write this partition as P:a =29 < z1 <22 < --- < xp=boras P = {xg,z1,22,... <

Zn}, where a = g, b = xp,.

EXAMPLE. 1.2 Let us consider the interval [0, 1]. Then the set {0,.25,.5,.75,1} is a partition
of [0, 1]. Another example of partition of the same interval is {0, .1,.45,.6,.8,1}. Note that
in the first example the points are equally spaced whereas in the second one the points are

in unequal spacing.

DEFINITION. 1.3 Let [a,b] be an interval in R, P:a =129 < 21 < 23 < -+ < x, = b and
Q:a=y <y1 <yz << ym= b be two partitions of [a,b]. Then P is said to be a
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refinement of Q if {zo,x1,z0,...,2n} D {Y0,Y1,%2,-.-,Ym}. It is obvious in this case that

n>m.

EXAMPLE. 1.4 1. Let us consider the partitions P: 0 < .25 < 5 <. 75 <land @ :0 <
2<.25<.45<.5<.6<.75<.9 <1 of the interval [0, 1]. Then @ is a refinement of
P.

2. Let us consider the partitions P = {0,.25,.5,.75,1} and @ = {0, .2, .4,.6,.8,1}. Then

neither P is a refinement of () nor @) is a refinement of P.

NOTATION. 1.5 The set of all partitions of an interval [a,b] will be denoted by Pla,b]. For
P, P, € Pla,b], if Py is a refinement of P1, it will be denoted by P, < Ps.

THEOREM. 1.6 Let [a,b] be an interval in R. Then

1. For every P in Pla,b], P < P.
2. If Py, Py, Py € Pla,b] such that Py < P» and P> < P3, then P, < Ps.
3. If P1, P, € Pla,b] then there exists Ps in Pla,b] such that Py < Py and Py < Ps.

ExXAMPLE. 1.7 Consider the example 2 of 1.4. The partition R = {0,0.2,0.25,0.4,0.5,0.6,-
0.75,0.8,1} is a refinement of both P and Q.

DEFINITION. 1.8 Let P :a = 29 < 11 < T9 < --- < x, = b be a partition of the interval
[a,b]. Then the norm of P is defined as max{x, —x,_1 : 1 <7 < n}, and is denoted by ||P||.

ExXAMPLE. 1.9 In the example 1.2 norm of the first partition is 0.25 whereas the norm of the

second partition is 0.35.

NOTATION. 1.10 It can be noted that if P, Py are two partitions such that P, < P,, then
[[P1]] > || P2]]-

1.2 Upper and Lower Sum

DEFINITION. 1.11 Let [a,b] be an interval in R, f : [a,b] — R be a bounded function,
P:a=xy <z <9 <--- < xp =0 be a partition of [a,b]. For r =1,2,...,n define

M, =sup{f(z) :z,—1 < z<a}, m, =inf{f(z) 12,1 < <z}, 0p =2p —Tr_1.

Then the sum >, M6, is called the upper sum of f for the partition P and is denoted bu
U(f,P). The sum Y, m,0, is called the lower sum of f for the partition P and is denoted
bu L(f, P).
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Henceforth by a function we always mean a bounded function.

ExXAMPLE. 1.12 1. Let f(x) =,0 <z <1, P be defined as P = {0,.25,.5,.75,1}. Then
01 =03 =03 =04 = .25, M; =sup{z : 0 <z < .25} = 25,;m; =inf{z : 0 <z <
25} = 0,My = sup{z : .25 < x < .5} = .5,me = inf{x : .25 < x < .5} = .25, M3 =
sup{z : .5 <z < .75} = .75, mg = inf{x : .5 < ax < .75} = 5, My =sup{z: .75 <z <
1} =1,mg =inf{x: .75 <x <1} =.75. So U(f, P) = M161 + M2 + M3ds + Mydy =
0.0625 + 0.125 + 0.1875 + 0.25 = 0.625. Similarly L(f, P) = 0.375

2. Let f(zx) =42(1 —2),0 <z < 1. P, ={0,.25,.5,.75,1} and P, = {0,.2, 4,.6,.8,1}.
Then it can easily be verified that U(f, P1) = 0.875,L(f,P1) = 0.375,U(f, ) =
0.84, L(f, P») = .448.

y y

1 | 1

0 25 5 1 1 F 0 25 5 75 1 7
L(fapl) U(f,Pl)

y y

1 | 1

O 9 4 6 8 1 © Of 95 5 175 1 =
L(f, P) U(f, P2)

THEOREM. 1.13 For a function f defined on an interval [a,b] and for any partition P of
[a,b], L(f,P) < U(f,P).
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PRrROOF. This follows immediately since m, < M, for every r,1 < r < n.

THEOREM. 1.14 Let f be a function defined on an interval [a,b], P,Q be two partitions of
[a,b] such that Q is a refinement of P. Then U(f,P) > U(f,Q) and L(f,P) < L(f,Q).

PROOF. Let P = {xg,x1,z2,...,2,}. Note that @ is obtained by inserting finite number of
points between the elements of P. It is sufficient to show that by inserting a single point the
result holds. Let us consider the partition P ta =29 < 21 < 220 < - < xj_1 <y < z; <

-+ <z, = b which is obtained by inserting a single point y between x;_; and x;. Let
M, =sup{f(z) :xp—1 <x <z}, mp =inf{f(x) 12,1 <z <z}, 1<7r<n.

Also let,
M =sup{f(z): ;-1 <z <y}, m, =inf{f(z) : 2;—1 <z <y}

and
M!" =sup{f(z) 1y <z <ax;}, m! =inf{f(z):y <z <z}

Then M; > M), M; > M/ and m; < m}, m; <m/.

Now

U(f,P) = ZMT(:U’I’_:I;T—I)

r=1
i—1 n
= Z Mr(ﬂjr 557"—1) + Mz(l'z - xz—l) + Z Mr(xr - xr—l)
r=1 r=i1+1
i—1 n
= ZMT(']JT xrfl) + Mz(xz - y) + Mz(y - xzfl) + Z Mr(xr - xrfl)
r=1 r=i+1
i—1 n
2 Z My (zy — 1) + Mj(zi — y) + M (y — 2i-1) + Z M (zy — 1)
r=1 r=i+1
= U(fa Pl)

And

r=1
i—1 n

= Zmr(xr - l'rfl) + mz(l'l - xifl) + Z mr(xr - 377“71)
r=1 r=i+1

i—1 n

= > me(ry —zp1) F mizi —y) Fmi(y — 1) + Y me(@ — 201)
r=1 r=i+1
i—1 n

< Zmr(-rr - l'rfl) + m;(xz - y) + m;’(y - 1‘1;1) + Z mr(-rr - -Trfl)
r=1 r=i1+1

= L(fv Pl)
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Thus U(f, P) > U(f, P,) and L(f, P) < L(f, P,). |

NOTATION. 1.15 It is observed that by refining a partition the upper sum is decreased and

the lower sum is increased.
In view of the above two theorems we have the following result.

COROLLARY. 1.16 Let f be a function defined on an interval [a,b]. Then for any two parti-
tions P,Q of [a,0], U(f, P) = L(f,Q).
PROOF. Note that there exists a partition R of [a,b] which is a refinement of both P and

Q. Then by the above theorem U(f, P) > U(f,R) and L(f,Q) < L(f, R). Also by Theorem
113 U(f,R) > L(f, R). Thus U(f,P) > U(f, R) > L(f, R) > L(f, Q). n

NOTATION. 1.17 It is observed that the upper sum for any partition is greater than or equal
to the lower sum for any partition. Thus the set {U(f,P) : P € Pla,b]} is bounded below,
any lower sum of f being a lower bound; and the set {L(f, P): P € Pla,b]} is bounded above,

any upper sum of f being an upper bound.

DEFINITION. 1.18 The difference U(f, P) — L(f, P) is called the oscillatory sum of f for the
partition P of [a,b].

1.3 Definition of Riemann Integration

Let f be a bounded function defined in a closed interval [a,b]. It has already been observed
that the set of all the upper sums of f is bounded below and the set of all the lower sums of

f is bounded above. We define the lower and upper integral as follows:

DEFINITION. 1.19 The infimum of all the upper bounds of f, where the infimum is taken
over all the partitions of [a, b], is called the upper integral of f over [a,b] and is denoted by
fab f(z) dx. The supremum of all the lower sums of f, where the supremum is taken over all
the partitions of a, b], is called the lower integral of f over [a, b] and is denoted by f: f(z) dx.
Thus,

b b
/ f(z) de =inf {U(f,P) : P € Pla,b]} and / f(z) de =sup{L(f,P): P € Pla,b|} .

As any lower sum is always less than or equal to any upper sum it immediately follows that

J! f(@) de < [? f() da.

DEFINITION. 1.20 A bounded function f defined on a closed interval [a,b] is said to be
Riemann Integrable, or simply R-integrable, if f: flx) de = f; f(z) dz, the common value is
called the Riemann integral of f over [a,b] and is denoted by f; f(x) dx.
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EXAMPLE. 1.21 1. Every constant function is Rieman integrable. Let f(z) = k,a <

x < b. Then for any partition P : a = 29 < 1 < 22 < -+ < T = b, we have
M, =m, =k,1 <r <n, Thus U(f,P) = L(f,P) = k(b — a).

2. The function f(x) = x, 0 < x < 1 is R-integrable. For n € N, consider the par-

tition P, : 0 < £ < 2 < .. < 2=l < 1 the r—th submterval being [, Z].
Since f is increasing in [0 1], we have M, = sup{f(z) : =1 <z < L} = T and
m, = inf{f(z) : =1 < Iy =2l Alsod, = 2 forall v = 1,2,...,n
So U(f,Pa) = Y1y Mrar P S "?2” = 11+ 1) and
L(f, ) =S ympd, = Sy =t L= S (- 1) = U = %( — &) Taking
limit as n — oo, we have lim, . U(f, P,) = % and limn_>Oo ( fsP,) = 5. Note that
{P, : n € N} C Pla,b]. Thus & = limn_>OO > fo ) dz > fo ) dz >
limy, 00 L(f, P,) = 3 Hence foi = fo = 3. This shows that f is
R-integrable in [0, 1] and fo d:r: =z

3. Consider the function f in [a,b] defined as follows: f(x) = 0,z irrational, f(z) = 1,z
rational. Let P :a =29 < 1 < 29 < -+ < x, = b be a partition of [a,b]. Since
every interval contains rational numbers as well as irrational numbers, we have M, =
sup{f(z) : z,-1 <z < z,} = 1 and m, = inf{f(z) : z,—1 <z < x,} = 0. Thus

U, P) = S0y Mydy = 1+ 30 (g — 1) = (b— a) and L(f, P) = S0y s, =
0-> " (xy —xy—1) = 0 Since this is true for any partition P, f;f(l‘) dx = 0 and

ff f(z) de = 1. Thus f is not R-integrable.

1.4 A necessary and sufficient condition: Riemann’s criteria

THEOREM. 1.22 A bounded function f : [a,b] — R is R-integrable if and only if for every
e > 0, there exists a partition P, of [a,b] such that

U(f,P.)— L(f, P) < e. ()

PROOF. Assume that f is R-integrable. Then ff f(z) do = fff(x) dr = fab f(z) dz. Let

€ > 0 be given. Then since fgf dz = inf{U(f,P) : P € Pla,b]}, there exists a partition
Py of [a, b] such that U(f, P1) f f(z) dz < €/2, i.e.,

b
U(f, P —/ f@) dz < €/2. ()

Similarly, since ff f(z) de = sup{L(f,P) : P € Pla,b]}, there exists a partition P> of [a,b]
such that fff(m) dr — L(f, P») < €/2, i.e.,

b
/ F@) dz — L(f, Py) < ¢/2. (11)
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Adding (I) and (II) we have
U(f,P) — L(f, P) < e. (II1)

Now let P be a partition which is a refinement of both P; and P,. Then U(f, P.) < U(f, 1)
and L(f, P») < L(f, P.). Also since L(f, P.) < U(f, P), we have

From (I11) and (IV) we have U(f, P.) — L(f, P.) < e.

Conversely, assume that there exists a partition P of [a,b] such that the condition (*) holds.
Note that L(f, P.) < f; f(z) dx < f: f(z) de < U(f, P.) which, together with the condition

(%), implies that ff f(x) dox — f@bf(a:) dr < e, ie., fagf(x) dx < f; f(z) dz + €. Since € > 0

is arbitrary, it follows that )
b b
/ f(z) d:vg/ f(x) dx.

Again it is always true that ff f(z) do < ff f(z) dz. Thus, f;f(:n) dx = fff(:n) dx, ie., f
is R-integrable. |

COROLLARY. 1.23 If f : [a,b] = R is a bounded function and {P, : n € N} is a sequence of
partitions of [a,b] such that

n—oo
then f is R-integrable in [a,b] and f; f(x) de =1limp 00 U(f, Pn) = limyin ey L(f, Pn)-

PROOF. Let € > 0. Then there exists N € N such that for alln > N, U(f, P,,) — L(f, Pn) < e.
Thus by Reimann’s criteria f is R-integrable in [a,b]. Also since for any n € N, L(f, P,) <
S f(x) de < [P f(x) de < U(f, P), and limy oo U(f, P) = Ly in ey L(F, Pa), it follows
that

b b
[ #@ do= [ @) do= Y U(£.P) = lim L(£. ).

Thus [ f(x) da = limy 00 U(f, Po) = limyeo L(f, P). |

EXAMPLE. 1.24 The function f(z) = 22, 0 < z < 1 is R-integrable in [0, 1]. Consider the

partition P, : 0 < % < % < < "Tl < 1. Since f is increasing in [0, 1], we have

MT:sup{f(m):r_1 §m§;}zsup{x2zr_1 §$§T}:<T)2

n n n

and
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Also 6, = % for 1 <r <n. Thus

n n

e =3 () =t = =g (145) (2+5)
and
LUJ%%:i;C7f>?i:”$§:w_1P:(n—nggmpq):é< _i><2‘i>'

Therefore lim, o U(f, Py) = % = lim, 00 L(f, Py). Thus f is R-integrable and

L%uym:;

There is another form of Riemann’s criterion for which we need the following results.

LEMMA. 1.25 Let f be a bounded function defined on an interval [a,b] such that |f(x)] <
k, Yz € [a,b]. Let Py be a partition of [a,b] and Py be a refinement of Py which contains at
the most p additional points. Then

U(f, P1) = U(f, P2) < 2kpd and L(f,Py) — L(f, P1) < 2kpb.
where ||P1|| = 6.

PROOF. Let Pi :a =29 < o1 < 22 < -+ < 2, = b. We first consider a partition P; which
contains a single additional point, i.e., Pl’ A=< T <Toa < <Xl < x’z <z <<
T, = b. Let

M, =sup{f(z) :xp—1 <x <z },m, =inf{f(z) : 2,1 <x <z}, forl1<r<n
and
M) =sup{f(z) :xjm1 <z <z}, m,=inf{f(z)  x;1 <z <},

M =sup{f(z) : 2} <z <z;},m, =inf{f(x) : 2} <z <z}

Then it can easily be calculated that

U(f, 1) =U(f, P) =

Mi(2; — wi1) — (Mj(2] — wim1) — M (2; — 7))
= (Mi(a] — zi—1) + Mi(x; — 7)) — (M (2} — xi1) — M (; — 7))
= (M; — M) (2] — zi—1) + (M; — M) (z; — ).

Since —k < f(z) < k Vx € [a,b], we have —k < M < M; < k and —k < M/ < M; < k, from
which it immediately follows that M; — M/ < 2k and M; — M < 2k. Thus

U(f, Pl) — U(f, P{) < 2]@‘(1’; — -%'—1) + Qk}(lti — x;) = 2k($i — -%'—1) < 2ké.

After adding p such points to P; we get Py and thus obtain U(f, P1) — U(f, P») < 2kpd.

In a similar manner we can show that L(f, Py) — L(f, P1) < 2kpo.
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THEOREM. 1.26 Darboux’s Theorem: If f is bounded function on [a,b], then for each
e > 0, there exists a § > 0 such that for every partition P of [a,b] with ||P|| < 0,

b b
—/f(:c)dx<e and /f(:v) dx — L(f, P) <,

PROOF. Since f is bounded, there exists k& > 0 such that |f(x)| < k for all z € [a.b]. Let € >0
be given. Note that fabf(x) dx = sup{U(f,P) : P € Pla,b]}. So there exists a partition
Pi:ia=xy<xz <9 <--- <2y =0 0f [a,b] such that

b
U(f,P1)</ f(z) dx + €/2. (%)

The partition P; has n+1 points including @ and b. Choose 6 > 0 such that 2k(n—1)6 < €/2.
Let us consider any partition P of [a,b] with ||P|| < 0. Let P» = PU P;. Then P, is a
refinement of both P and P; and has at the most n — 1 additional points than that of P.
Thus U(f, P2) < U(f,P1) and U(f, P2) < U(f, P). Also by the above lemma,

U(f,P)—=U(f,P) < 2k(n—1)0
= U(f,P)<2k(n—1)0+U(f, P»)
= U(f,P)<2k(n—-1)0+U(f,P1) <2k(n—1)0+ f f(z) dx + €/2 (using () above)
= U(f,P)<e/2—|—f f(x) de+€/2
= U(f,P)— [ f(z) do < e.

Similarly we can show the other inequality. |

THEOREM. 1.27 A bounded function f defined on [a,b] is R-integrable if and only if for every
€ > 0 there exists 6 > 0 such that for every partition P with ||P|| < 0, U(f,P)—L(f,P) <€

PROOF. Let us assume that f is R-integrable. Then

/abf(x)dac:/abf(x)dm:/abf(m)dx

Let € > 0 be given. By Daroux’s Theorem there exists § > 0 such that for all partition P
with || P|| < 4,

b b
—/f(m) dr < €/2 and/f(:z:) dx — L(, P) < €/2,

which imply that

b b
U(f,P)—/f(x) dx < €/2 and/f(a;) dx — L(,P) < ¢/2.

Adding we get U(f,P) — L(f,P) < e
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Conversely, Let the condition hold. Since for any partition P of [a, b],

b b
P < [ fa) da< [ f@) de<UGLP)

we have fff(m) dr — f;f(m) dx < U(f,P)— L(f,P). Since for given € > 0 it is possible
to find a partition P with U(f, P) — L(f, P) < €, we have f; f(z) dx — f; f(z) dz < e, ie.,
f;f(m) dr < f;f(a:) dx + €. This is true for every € > 0. Thus fab f(z) dx < f;f(m) dx.

On the other hand it is always true that fff(w) dr < fff(x) dz. Thus, ff f(x) dx =
f;f(:n) dz, i.e., f is R-integrable. [ |

1.5 Exercise

1. Let f(z) = 22,0 < 2 < 1. Consider the partitions P, = {0,.25..5,.75,1} and P, =
{0,.2,.4,.6,.8,1}. Find U(f, P,), L(f, P,),U(f, 2,) and (f, LP,).

2. Let f(z) =x(1—2),0 <z < 1. For n € N, let P, be the partition {0,1, 2, ... 2=1 1}

'nono n

Find U(f, P,) and L(f, P,). Hence show that lim,, . (U(f, P,) — L(f, P,)) = 0.

1.6 Some sufficient conditions of integrability

Here we discuss some sufficient conditions of integrability.

THEOREM. 1.28 Ewvery bounded monotone function is R-integrable.

PROOF. Let us consider a monotonic increasing function f : [a,b] — R. Let € > 0 be any given

real number. It is sufficient to find a partition P of [a,b] such that U(f, P) — L(f, P) < e.

For n € N consider the partition P, :a =29 < 21 < 3 < - -+ < x, = b, where the points z;’s
b—a

are placed with equal spacing, i.e., §; = z; — x;—1 = =*, 1 <4 < n. Since the function f is

increasing,
M, =sup{f(z) : 21 <z <z} = f(z,) and m, = inf{f(x):z,—1 <z <z} = f(x,—1).

Thus

3

U(f, Pn) — L(f, P.) = ZdT(Mr_mr)
r=1

= (f(b) = f(a)). (1)

; . (b=a)(f(L)=f(a) 1 € :
Now if we choose n such that n > ——=->—""*1ie., & < = FO=F@)’ then by using

relation (1), U(f, P,) — L(f, P,) = (b—a)(f(b) — f(a))L <.
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Similarly, if f is monotonically decreasing, then M, = sup{f(z) : 2,1 <z <z} = f(z,_1)

and m, = inf{f(z) : 2,1 <2 < x,} = f(x,) from which we can get the same conclusion. W

THEOREM. 1.29 If f : [a,b] — R is continuous, then it is R-integrable on [a,b].

PROOF. Since f is continuous in a closed interval, it is uniformly continuous. Let € > 0 be

given. Then there exists 6 > 0 such that for all z1,x9 € [a, b],

|z1 — @2] <6 = |f(w1) — fw2)| <

Choose a partition P : a = 29 < 1 < 22 < --- < x, = b such that ||P|| < ¢, i.e., for all
r=1,2---.n, x, —x,_1 < . Note that f being continuous on closed interval, it is bounded

and attains its bounds. So for any r, 1 < r < n, there exists z.,x! € [x,_1,2,] such that

M, = sup{f(m) tTp—1 S < xr} = f(l‘,,r)
and

m, = inf{f(z) :x,_1 <z <.} = f(z))).
Then M, —m, = f(z.) — f(2!). Since x, — z,_1 < §, we have z,. — 2/ < ¢ and hence by
using the identity (2) we get |f(z]) — f(z))| < €/(b—a). Thus

U(f,P)—L(f,P) = Z(ST(MT‘_

This shows that f is R-integrable. |

THEOREM. 1.30 If a bounded function f : [a,b] — R has a finite number of points of discon-
tinuity then f is R-integrable on |a,b].

PROOF. Let € > 0 be given. Let f be discontinuous at the points a1, ao, - -, a,. We enclose
these points with non-intersecting intervals [a}, a'], [a), a5], - - -, [ay,, ap] such that the total
length of these intervals is less than €/2(M —m) where M = sup{f(z):a <z <b} and m =

inf{f(x):a <z <b},ie,

CLZ'E[,“ 1]for1<1<p7[ H]m[]? ]] @fOI‘Z%j

7,7 (2

andZa —al) m
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1 Py Ppiq
?HHHHH}? } ?HHHHH}? } } } } ?HHHHHK?
a ayaraf abag aly an, Qp b
Again f, being continuous on each of the p + 1 intervals [a,a}], [a7, ay], -, [a;_4, ap] [az,, 0],
is integrable there. So there exist partitions Pi, Py, ..., Ppy1 of [a,a1], [af,a5], -, [ay, V]

respectively, such that U(f, P;) — L(f, P;) < p+1) for 1 <7 <p-+ 1. Let P be the partition
of [a, b] consisting of all the points of P;, 1 <i < p+ 1, together with the subintervals [a, a}],

[alll’ (1/2], B [%’» b]

Then the contribution of U(f, P) — L(f,P) due to a subinterval [a},a!],

than or equal to (M — m)(a] — af). So the contribution of U(f, P) — L(f, P) due to all

the subintervals [a}, a}],1 < i < p, is less than or equal to > ¢ (M —m)(a} —a}) = (M —

m) le(a;/ /) (M — m) (M m) =§-

Again the contribution of U(f, P) — L(f, P) due to a partition P;,1 < j < p+1, is less than
(p+1) So, the contribution of U(f, P) — L(f, P) due to all the partitions P;,1 < j <p+1,

1
is less than Z?Jrl o = P+ Ve =5

Thus U(f, P) — L(f, P) < § + § = ¢, which shows that f is R- integrable. [

1 <i<p,isless

THEOREM. 1.31 Let f be a bounded function defined on a closed interval [a,b]. If the set of

points of discontinuity of f has a finite number of limit points then f is R-integrable over
[a,0].

PROOF. Let € > 0 be given. Let M = sup{f(x):a <z <b} and m = inf{f(z) : a <z < b}.
Let a1, az,...,a, be the limit points of the set of points of discontinuity. We enclose these
points by non-intersecting intervals [a}, a{], [ay, a5], ..., [aj, ap] such that the total length of
these intervals is less than €/2(M — m), i.e.,

€

aie[za z]for1<7l<p7{z’ {Ll]ﬂ[ H]_®f0r27é]andza —CL <m‘

Let us define M; = sup{f(z) : a <z < af} and m; = inf{f(z) : a} <2 <al}, 1 <i<p.
Then m < m; < M; < M for 1 <14 < p from which it follows that M;—m; < M—m,1 < < p.
Now each of the p + 1 intervals [a’,a}], [a], ay], ..., [ay,b] contains at most finite number of

points of discontinuity and hence f is R-integrable on each of these intervals. So there exist

partitions Py, Py, - -+, Ppy1 of [a,a], a7, a5], . . ., [ay, b] respectively, such that

U(f, Py) — L(f, P) < 1<k<p+1.

__c
2(p+1)’

Let P be the partition of [a,b] consisting of all the points of Py, 1 < k < p+ 1. Then the
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contribution of U(f, P) — L(f, P) due to the subintervals [a, a}], [a], a], ..., [ap,b] is

pt1 prl
;(U(f,Pk)—L(f,Pk)) < kzlw
= (p+ 1)m
= 3 (3)

On the other hand the contribution of U(f, P) — L(f, P) due to the subintervals [a}, a/],

[ay, as], ..., [ay, ap] is

S My~ mi)(af —af) < S(M —m)(af, —a})
k=1 =

k

= (M —m) Y (af

—_

k=1
< (M- m)m
- % (4)
Using relations (3) and (4) we conclude that U(f, P) — L(f,P) < §+ §=¢
Thus f is R-integrable on [a, b]. [

1.7 Alternative definition of Riemann Integral

Riemann Integration defined in previous sections is due to Daroux. Here we give the orig-
inal definition provided by Riemann himself and establish the equivalence between the two

definitions. We begin with the following definition:

DEFINITION. 1.32 Let f be a function defined on a closed interval [a,b], P :a = xg < 21 <
x9 < -++ < xp = b be a partition of [a,b]. Then for any choice of points §; € [z;—1,x;], 1 <
i <mn,the sum Y ;" | f(&)(z; — x—1) is called a Riemann sum of f.

It immediately follows that for any partition P :a =29 < 1 < T2 < --- < x, = b and any
choice of points & € [xi—1, 2], L(f,P) <> f(&)(xi —xi—1) < U(f, P).

DEFINITION. 1.33 A function f defined on a closed interval [a,b] is called (R-)integrable if
there exists a real number I satisfying the following property: For every e > 0 there exists
a 0 > 0 such that for every partition P : a = 29 < 21 < 3 < -+ < x, = b of [a,b] with
||P|| < ¢ and for every choice of points & € [x;—1,x;],1 <i <n,

> fE) (i —xis) — I <e.
=1
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The number [ is called integral of f over [a, b] and is denoted by ff f(z) dz.

1.7.1 Equivalence of the two definitions:

(A) Assume that f is R-integrable in the sense of Darboux.

Then fj flx) de = ff f(z)dx = fj f(x) dz. Let € > 0 be given. Then by Darboux’s Theorem
there exists § > 0 such that for all partition P : a = 29 < 21 < 3 < -+ < x, = b with
1P|l <9,

b b
/ f(z) de —e < L(f,P) and U(f,P) < e+/ f(z) dz,
from which it follo;vs that,
b b
/ f() da:—e<L(f,P)§U(f,P)</ f(@) do +e. (a)

Let us choose for i = 1,2,...,n, & € [x;—1,x;] arbitrarily, then m; < f(&) < M; for 1 <i <mn,

where m;, M; have usual meaning. Thus
n
i=1
By using (a) we have

b n b
[ f@) do—e< Y &)@ - win) < [ fla) dot e
“ i=1 a

i.e.,
n

o) @i —wia) =1

i=1

< €.

where [ = f: f(z) dx. Thus f is integrable in the sense of Riemann.
(B) Assume that f is integrable in the sense of Riemann.

First we shall show that f is bounded in [a,b]. If possible suppose that f is not bounded.
Choose € = 1. Then there exists § > 0 such that for any partition P : a = zg < 71 <
x9 < -+ < xp = b of [a,b] with ||P|| < ¢ and for any choice of points & € [zj—1,2;], 1 <
i<, | i fE) (i —xim) — I < 1, de, T =1 <30 f&)(z —xim) < IT+1, ie,
IS0 f(&)(z — 2i-1)| < [I| +1. Now f, being unbounded on [a,b], is unbounded on at
least one interval [xg_1,2k], 1 < k < n. We keep & fixed for i # k and choose &, such that
IS f(&)(xi — xi—1)| > |I| + 1. This is a contradiction. Thus f is bounded on [a, b].

Now choose any € > 0. Then there exists § > 0 such that for any partition P : a = zg < 21 <
x9 < -+ < xp = bof [a,b] with ||P|| < ¢ and for any choice of points &; € [x;—1,2;], 1 <i <mn,

1—§<Zf(gi)(xi—xi,1) <1+§. (1)
=1
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Let M; = sup{f(z) : zi-1 < z < z;} and m; = inf{f(z) : z;i-1 <z < z;}, 1 < i < n.
Then there exists «y, 5; € [xi—1, ], 1 < i < n, such that f(a;) —

f(Bi) + ﬁ. Also m; < f(o;) < M; and m; < f(B;) < M;. Thus

ﬁ<miandMi<

n

;f(ai)(xi —xi_1) < Z <m1 + 2“"“)) (i — xi—1)

i1
= ;mz(xz —xi-1) + ﬁ ;(mz —Ti-1)
= LD+

Similarly we can show that

€

> fB)wi—wia) > U(f,P) =5

Since the relation (1) is true for any choice of &; € [z;_1,x;], in particular taking & = «; and

& = [; respectively and using the above relations we get
€ - €
I-5< ;f(az‘)(l"z’ —zi-1) <L(f, P) + 5

and
€

U(f,P) — % <D FB) i —wim) <I+3.
i=1

ie.,

I—e<L(f,P)<U(f,P)<I+e.
Since L(f, P) < fgbf(a:) dr < fal; f(z) de < U(f, P), from the above relation we have

b b
I—e</f(:v)dx§/f(m)dw<[+e (2)

which implies that )
b b
0 S/ f(z) dx/ f(z) dx < 2e.

Since this is true for any € > 0, it follows that

/abf(x) dz = /abf(x) da.

Thus f is integrable in the sense of Darboux. Let the integral be f: f(z) dx. Then

[ﬂmmzfﬂ@mzfﬂ@m. (3)
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Then using (2) and (3) we have

b
I—6</ flz)de <I+e.

Since this is true for any € > 0, we have I = f; f(z) dz

This completes the proof. |

1.8 Properties of Riemann Integral

THEOREM. 1.34 If f is integrable over [a,b] and k is any constant, then kf is also integrable
over [a,b] and f; kf(z) do = kfab f(z) dz

PrOOF. If k = 0 then kf is constant function and hence integrable.

Assume that k # 0. Let € > 0 be given. Then, since f is integrable, there exists a partition
P:a=u2y <z <29 <+ < xp =0bof [a,b] such that U(f, P) — L(f,P) < €/|k|. Let
M; = sup{f(z) : zi-1 <z < x;}, mj =inf{f(x) : x;-1 <z < a;}, M] =sup{kf(z): zi1 <
<z}, m,=inf{kf(zx): 2,1 <z <z}, 1<i<n

Case-I: Assume that k < 0. Then M; = km; and m = kM,;. Therefore,

U(kf,P ZM’ i — i —k:Zml x; — xi1) = kL(f, P)

and

L(kf,P Zm = @i —kZM i —xio1) = kU(f, P).

Thus U(kf, P) — L(kf, ) = k(L(f,P)—U(f, )) (_W) = ¢, since kK < 0. Thus kf is

integrable over [a, b].

Case-II: Assume that & > 0. Then M/ = kM; and m/ = km,. Therefore,

U(kf, P ZM’ P~ T —kZM i —xi1) = kU(f, P)

and

L(kf, P Zm — T —kz§:mZ x; —xi—1) = kL(f, P).

Thus U(kf,P) — L(kf,P) = k(U(f,P) — L(f, )) (m) = ¢. Thus kf is integrable over
[a,b].

THEOREM. 1.35 A bounded function f is integrable over |a,b] if and only if for any ¢, a < ¢ <
b, [ is integrable over [a,c| and [c,b]. In the either case ff f(@) do = [T f(x) d:n+fcbf(m) dx

PROOF. Assume that f is R-integrable in [a,b]. Let a < ¢ < b. To show that f is R-
integrable in [a, c] and [e, b] and f; f(x)dz = [T f(z)dz + fcbf(x) dz. Let € > 0 be given.



Department of Mathematics, P R Thakur Govt College 17

Then the integrability of f over [a,b] implies that there exists a partition P of [a,b] such
that U(f,P) — L(f,P) < e. Let P* = P U {c}. Then P* is a partition of [a,b] and is a
refinement of P. So L(f,P) < L(f,P*) < U(f,P*) <U(f,P), ie., U(f,P*)— L(f,P*) <
U(f,P)— L(f,P) < e. Let P, and P, be the partitions of [a.c| and [c, ] respectively such
that P* = Py UP,. Then U(f, P*) = U(f, P\) + U(f, P,) and L(f, P*) = L(f, P.) + L(f, P»).
So,

U(f,Pl)*L(f,P1)+U(f,P2)*L(f,Pz) = U(f,P*)*L(f,P*)<€
Thus
U(f, Pl) — L(f, Pl) <€ and U(f, PQ) — L(f, PQ) <€

since U(f, P;) — L(f,P;) > 0 for i =1,2.
This shows that f is R-integrable over [a,c] and [¢,b]. Also since U(f, P*) = U(f, P1) +

U(f, P2), taking infimum on both sides we get fabf(x) dr = faéf(a:) dz + fcbf(a:) dz, i.e.,
JPf@)de = [€ f(z)da + [ f(z) da.

Conversely assume that f is R-integrable over [a, ] and [c, b]. Let €.0 be arbitrary. Then there
exist partitions P; and P, of [a, ¢] and [c, b] respectively such that U(f, P;) — L(f, P;) < €/2 for
i=1,2. Let P =Py UP,. Then P is a partition of [a,b]. Also U(f,P)=U(f,P1)+U(f, P)
and L(f,P) = L(f,P1) + L(f, P2). Thus

U(f,P)—=L(f,P) = U(f,P)—L(f,P)+U(f, P2) = L(f, P2) <¢/2+¢/2 =

This shows that f is R-integrable over [a,b]. Also by taking infimum on both sides of
U(f,P)=U(f,P) + U(f, Py) we get [} f(z)da = [ f(z)de+ [ f(2)da, ie., [} f(z)de =
facf(x) dx + fcbf(m) dz.

This completes the proof. |

THEOREM. 1.36 If f and g are integrable over [a,b] then f + g are also integrable over |a,b]
and ff(f +g)(z) de = fff(:n) dx + f;g(m) dzx.

PROOF. Assume that f and g are R-integrable over [a, b]. Let € > 0 be any given real number.
Then there exist partitions P; and P, of [a, b] such that

U(f,P1)— L(f,P1) <€¢/2 and U(g,P2)— L(g, P2) <¢€/2.
Let P =P, UP,. Then P is a refinement of both P; and P». So,

U(f,P) = L(f,P) <U(f,P1) = L(f,P1) < ¢/2
U(g,P)— L(g9,P) <Ul(g, P2) — L(g9, P2) < ¢/2.
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Let Pi=a=axpg<x1 <29< - <z, =0>. For 1 <r <n we define

M. = sup{f(z): 2,1 <z <4} and m.=inf{f(x): 2,1 <z <24}
M!" = sup{g(x):z,—1 <x <24} and m!! = inf{g(x) : 2,1 < x < 24}
M, = sup{(f+9)(z):z,—1 <z <z4}and m, = inf{(f + g)(x) : x,_1 <z < 24}

Then obviously M, < M, + M/ and m, > m] + m!’ for 1 <r <n. Thus,

b
[G+owa < vi+gr ZM

n

< Z(M; + M) (@ — zp1)
r=1

n n
= Z M (z, — zp—1) + Z M (z, — zr—1)
r=1 r=1

— U(f.P)+U(g.P)

and
b n
[G+o@as = L7+9.P) = Y miler - o)
a r=1
> Z(m;«"‘m;«/)@r—xr—l)
r=1
= > mp(z, — xr1) +Zm” — Zr_1)
r=1
= L(f,P)+ L(g,P)
Thus

b b
/ (f +9)() dz - / (f+o)@)de < (U(f.P)+U(g,P) — (L(f, P) + L(g, P))

= (U(f,P)—L(f,P))—i—(U(g,P))—L(g,P))
< €/2+¢€/2=c¢

ie., fag(f +g)(z)dx < f;(f + g)(z) dz + e. Since this is true for every € > 0 we get

b b
/<f+g)(x)dx§/ (f + 9)(a) da

On the other hand it is always true that

b b
[uromars [ +owan
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Combining the above two relations,

b b
/(f+g)(x)dx—/ (f + 0)(@) d.

ie., f+ g is R-integrable over [a, b].

Also taking limit as || P|| — 0 on both sides of the relations,

U(f+g,P) < U(f,P)+Ulg, P)
L(f+g,P) = L(f,P)+L(g,P)

we get
b b b
/ +o@de < [ f@)de+ / o(z) da
al_) aE aE
[Growa = [ @ [ g@a
b b b
/ Ft+o@de < [ f@)de+ / o(z) de
ab ab ab
/ +o@de > [ f@)de+ / o(x) dz
Hence,
b b b
[Growa = [f@a+ [ gwa
This completes the proof. |

THEOREM. 1.37 If f and g are integrable over [a,b] then fg is also integrable over [a,b].

PROOF. Since f and g are R-integrable, they are bounded. So there exists M > 0 such that
Ve lab]|f(z)] < M,lg(x)] < M. Then for any = € [a,b], [(fg)(2)] = [f(z) g(x)] =
|f(z)| |g(x)| < M?2. Thus fg is also bounded.

Let € > 0 be any real. The integrability of f and ¢ implies that there exist partition P; and
P, of [a,b] such that

U(f.P) = L(f.P) < gy and Ulg.Po) = L(g. o) < g7

Let P be a partition of [a,b] which is a refinement of both P, and P,. Then
U(f,P)—L(f,P) < U(fa-Pl)_L(fa-Pl) < 537

U(g,P)— L(g,P) < U(g,P2) — L(9,P2) < .
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Let Pra=axpg <21 <a0<---<xp=>. For 1 <r <n we define,

M, = sup{(fg)(x) : @ € [xr—1, 2,]} my = inf{(fg)(z) : x € [xr—1, 2,]}
M =sup{f(z): 2z € [rr_1,2;]} m.=inf{f(x):z € [v,_1,2,]}
M = suplg(@) -7 € [orvo])  ml = int{g(a) : @ € [ar1,0]}.

Now for any =,y € [x,—1,2,],1 < r < n, we have,

[(f9)(x) — (f9)W)| = |f(z)g(z) — f(¥)9 ()]
= |f(x)g(z) — f(z)g(y) + f(x)g(y) — f(v)9(v)|
< [f@)lg(z) =g+ g f(z) — f(y)]
< M(M" —m"y+ MM, —m).

Thus M, —m, < M(M —m!') + M(M] —m.). Multiplying both sides by d, = (z, — z,_1)
and taking summation from r = 1 to n we get,

n

> (M —my)s, < MZ (M!" —m!")s, +MZ (M! —ml)é,

r=1 r=1
Thus fg is R-integrable. |

THEOREM. 1.38 If f and g are R-integrable over |a,b] and there exists k > 0 such the
lg(z)| > k VY € [a,b], then g is R-integrable over [a,b].

PROOF. Since f is integrable over [a, b] it is bounded there, so there exists M > 0 such that
|f(z)] < M Yz in [a,b]. Also |g(z)| > k Vx € [a,b]. Thus ‘g(az ‘ gézgll < Thus L is
bounded.

Since f, g are R-integrable there exists partitions P;, P, of [a, b] such that
U(f,P) = L(f.Pr) < 537k* and Ulg. Po) = L{g, Pa) < 3.
Let P be a partition of [a, b] which is a refinement of both P, and P,. Then

U(f, P) — L(f, P)<mk2 and U(g, P) — L(g,P)<§k.

Let Pra=x2¢p <21 <2x9--- < xp, =b. We define

My = sup{(}/0)(@) : 2 € [trp, 2]} e = E{(f/)(2) < & € [2y1, 2]}
M) =sup{f(z): z € [z,_1,2,]}  ml.=inf{f(z): 2 € [r,_1,2,]}
M =sup{g(x) : z € [xp_1,2,]} m =inf{g(z): z € [Tr_1, 2]}
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Now for 1 <r <n, for x,y € [z,_1, 2],

‘f(x)f(y)‘ _ @) fly) ‘ ‘f x)g(y )—g(fv)f(y)‘
g g(x)  g(y) 9(x)g(y)
_ [ f@)g(y) — f@)g(@) + f(= g(ﬂf)—g(ﬂf)f(y)'
9(x)g(y)
< @llgly) = 9@ + lg@)[If(x) = f(y)|
- l9(2)[l9(y)]
_ &) 1 — alz e -
= |29 o) - g+ | i) - s
M 1 " " 1 ! /
< ?%(M r)+%(Mr_mr)'
Since this is true for all z,y in [z,_1,z,],
M, —m, < %%(M” /r/)—i—%(Mv/"_m;')

Multiplying both sides by A, = (x, — z,_1) and taking summation from r = 1 to n we get,

> (M —mp)A, < 72 M — T+EZ(M; —ml)A
r=1 r=1 r=1
M 1
v p-id.p < Gwer -Ler)+wep - 1P
M 2
< wat m’“
= E —|— E = €
2 2 '
Thus % is R-integrable over [a, b]. [

THEOREM. 1.39 If f is R-integrable over [a,b] then |f| is also R-integrable over |a,b] and

< [rwiar

PROOF. Since f is bounded, there exists k > 0 such that —k < f(z) < k, Vz € [a,b]. Thus
|f(x)| <k Vz € la,bl, ie., |fl(x) <k, Vz € [a,b]. Thus |f] is bounded.

x)dz

Let € > 0 be given. Since f is integrable over [a, b] there exists a partition P :a = zp < 21 <
x9 < -+ < xp =bof [a,b] such that U(f, P) — L(f, P) < e. Let

M, =sup{f(z) :z € [zy_1,2,]}  m, =inf{f(2): 2 € [r,_1,2,]}
M =sup{|f|(x) : 2 € [rp—v, 2]} my = inf{[f|(z) : x € [wr1, 2,]}.

Now for 1 < r < n, for any z,y € [z,_1, 2],

A1) = 1A | = T @)] = [f@)] < [f(2) = fy)]
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which implies that M, —m! < M, —m,, 1<r <n.

Thus

U(lfl,P)—L(f|,P) = Z(M,{ - m;)(g;r —xr—1) < Z(MT —my)(Tr — Tr—1)

This shows that |f| is R-integrable.

Also for any z in [a, b],
b b b
—f@)] < fz) < [f(0)] = / —\f(fﬁ)!dxé/ f(l‘)dﬂﬂé/ |f(z)| dz
b b b
+ = [l s @< [

/a b f(z)dz

The converse of the above theorem is not true.

b
Thus S/ |fl(x)dz. [

EXAMPLE. 1.40 Let us define f :[0,1] — R by f(z) = 1 when =z is rational and f(z) = —1
when z is irrational. Then obviously f is not integrable on [0, 1], however |f|(z) = 1 for all

x in [0, 1] which is constant and hence integral.

1.9 Fundamental Theorem of Integral Calculus

In practice, when we integrate a function f over an interval [a,b], we first find an anti-
derivative F' of the function f such that F’ = f on [a,b]. Then we take F(b) — F(a) as the
value of the integral f; f(x)dz. The theory behind this practice is the fundamental theorem

if integral calculus.

THEOREM. 1.41 (FUNDAMENTAL THEOREM OF INTEGRAL CALcuLUS) Let f : [a,b] — R

be an integrable function and F : [a,b] — R be a function having the following properties:
1. F is continuous on [a, b

2. F is differentiable on (a,b) and F'(z) = f(z)Vz € (a,b).

b
Then / f(x)dx = F(b) — F(a).

PROOF. Let € > 0 be arbitrary. Since f is integrable, there exists a partition P : a = x¢ <

x1 < w9 < -+ < xp, = b such that for any choice of & € [x,_1,z,],

< €. (5)

n b
> &)@ =)= [ fla)da
r=1 a
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Also we can write by using Lagrange’s Mean Value Theorem,

b
Thus by 5 and 7, it follows that ‘F(b) — F(a) —/ f(z)dx

n

F(b) = F(a) = Y (F(ar) = Fz,-1)) (6)

= Z(wr —x,_1)F' (&), for some &, € (v,_1,2,),1 <r<n
r=1
n

= Z(zr — 2yp—1)f(&). since F' = f on (a,b). (7)

r=1

< €. Since € > 0 is arbitrary,

we have

b
F(b) — F(a) :/ f(z)de.

This completes the proof. |

1.10 Worked out problems

1.

If f:[a,b] = R be a bounded function prove that f is Riemann integrable over [a, b] if
and only if for any € > 0 there is a partition P of [a, b] such that U(P, f) — L(P, f) < e.

Give an example with proper justification of a Riemann integrable function which has

no primitive.
Prove that f :[0,3] — R defined by f(x) = = + [z] is integrable.

Give an example, with proper justifications, of a discontinuous function which has a

primitive.

If a function f : [a,b] — R be integrable and f(x) > 0 for x € [a,b] and there exists a
point ¢ € [a, b], such that f is continuous at ¢ with f(¢) > 0, then prove that ff f>0.

. Let f be continuous on [a, b] and for each o, 8,0 < a < f < b,

B
/ f(x) dz = 0.
Prove that f is identically zero on [a, b].

If a function f : [a,b] — R be bounded and for every ¢ € (a,b), f is integrable on [c, b],
then prove that f is integrable on [a, b].

. Give an example of a function f : [0, 1] — R which is integrable on [¢, 1], 0 < ¢ < 1 but

not integrable on [0, 1].
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9. Find the lower and upper integrals of the function.

flz) = 1, 2€Qn]0,1]
0, z€ (R—Q)NJ0,1]

10. For bounded function f defined on an interval [a,b] and any two partitions Pj, Py of
[a,b] show that L(f, P) < U(f, P»).

11. Prove that a continuous function f defined on a closed interval [a, b] is integrable in the

sense of Riemann.

12. A function f : [0,1] — R is defined by

1 1 1
flz) = 371»@<$§37,n20,1,2,...
= 0, z=0.

Show that f is integrable in the sense of Riemann and fol f(x) de = %

13. Using Mean Value Theorem of Integral Calculus prove that

T & x 3
— < —dx < —.
24_/0 5+3cosz ~ 6

w



Department of Mathematics, P R Thakur Govt College 25

2 Improper Integral

So far we have studied the theory of integration, we have assumed that the following conditions

are satisfied:

1. the integrand function is bounded over the interval of integration,

2. the interval of integration is bounded.

When any one or both of the above conditions are not satisfied, we still try to integrate the
function by using the concept of limit. An integral of this type, when exists, is known as

improper integral. There are two types of improper integrals:

1. When the range of integration is finite but the integrand has an infinite discontinuity

at any of the end points or in any interior point. This can be of the form:

(a) f: f(x)dx where f has an infinite discontinuity at x = a, for example, fol i—%.

(b) fab f(z)dx where f has an infinite discontinuity at z = b, for example, ff (ziig)?v

(c) ff f(x)dx where f has an infinite discontinuity at © = ¢ where ¢ is a point lying
between a and b. For example, f02 (wiixl)‘l.

(d) fab f(z)dz where f has a finite number of infinite discontinuities, say, at = =
9 :
€1,€2,...,c Where a < c¢1 < ¢cg < -+ < ¢ < b. For example, 0”%(1&:

Here the integrand has infinite discontinuities at 7/8,57/8,97/8 and at 137/8.

2. When the range of integration is infinite, the integrand being a bounded function.

The combination of the above two types is also possible, i.e., when the range of integration

is infinite and also the integrand is an unbounded function.
2.1 When range of integration is finite:

b
We consider the improper integral / f(x)dx when f(x) has a point of infinite discontinuity
a

b

only at x = a. We take the integral () dz where 0 < € < b — a. This is a proper
a+te€
integral (as there is no other point of infinite discontinuity of f in the range). Suppose that

b
/ f(z) dz exists and equal to ¢(e). If lim ¢(e) exists and is finite, say equal to [, we say
ate e—0+0

b
the improper integral / f(x) dx exists or converges at © = a and write as
a

b b
/f(:v)dx = lim flx)dz = 1.

e—0+ ate
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Again, if x = b be the only point of infinite discontinuity of f in the finite integral [a, b], then
b b—e
/ f(z) dz exists or converges at = b if 111(1)[1+ f(z)dz exists, 0 < € < b —a. We then
e—
WL}ite, ¢

b b—e
[ @ = dm [ s

e—0+

1
dx
EXAMPLE. 2.1 / — . Here f(x) = ;12 has only one point of infinite discontinuity at x = 0.
0o T
Then,

L dx . L dx . 111 . 1
—- = lim — = lim | —— = lim<{-—1; = oo.
0 e—0+ e X e—0+ €

1
dx
Thus the integral / — does not converge.
0o T

1
EXAMPLE. 2.2 /0 ﬁ Here f(x) = — T = 1 is a point of infinite discontinuity
of f. Then
/1 dx li 1-e dx li [ .1 ]1—6
——— = lim ———= = lim |sin" "z
0 V1— 22 e—0+ V1= 22 e—0+ 0

= lim {sm '1—¢) —sin'0} =sin'1= g

e—0+

When both of @ and b are the only points of infinite discontinuity of f in the finite range [a, b],
c b
we take any point ¢ where a < ¢ < b and consider the integrals / f(z)dx and / f(x)de.
a C

b c b
The integral / f(x) dx converges if/ f(x)dx and / f(x)dx converge at x = a and z = b

respectively.

It is to be noted that the result is independent of the choice of the point z = ¢. (Proof is
beyond the scope of this note).

EXAMPLE. 2.3 / . Here f(z) = \/%, both of z = 0 and x = 1 are the points
xr

Vvl —x)

of infinite discontinuity of f. We take ¢ = 5 and consider the integrals / \/17
— )
1
d
2 Now,
1 z(l—x)

lim lim

o Val—z) 0+ )o Jal-x) e0+)e Jr—a?)
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= lim = lim [sin_l(Q:/v -1) ]E%

/% dz
e—0 e—0
Y e

_ 1 B N | 1 :_.,1_1:.,11:E.
Jim {sin™'0—sin""(2e — 1)} sin” " (—1) = sin 5
1
. 2 dx
Thus the integral / —~———— converges to 3.
0 vz(l—2x)
Also,
! dx . 1-e dx ) 1=e dx
- =  lim ———— = lim —
1 /z(1—1) 0+ /1 \Jz(1—x) =0+ J1 \/z —2?)
. 1-e dx . .1 1—e
= 11%1+ = 11%1+ [sin™'(2z —1) |,
€E—> 1 €e—>
N :
o . - _ w1 — -l _ z
= el—l>I(])ﬂ+ {sin™'(1 — 2¢) — sin™" 0} sin” " 1 5"
! dx

™

converges to 5. converges and

Thus the integral /
1

_— Hence /ldx
1 Vz(l—x) “Jo x(1—1x)

7T+7['
—+ - =
2 2

/1 dx B /é dz +/1 dx B
0 Va(l—x) 0o Va(l—=x) 1 y/x(l—x)
2.2 When range of integration is infinite:

Consider the integral / f(x)dz. Let f be bounded and integrable over [a, X| for every

X
X > a. Then / f(x)dx exists and equal to, say, ¢(X). If the limit Xlim d(X) exists
a —00

o0
and finite, say [, then we say that the improper integral / f(x) dx converges with value [.
a

Therefore,

/aoof(x)dx = lim /aXf(a:)d:z:

X—o0

b
Consider the integral / f(z)dz. Let f be bounded and integrable over [X, b] where X < b.

b
If the limit (x) dz exists and has finite value we say that the integral / f(z)dx
—o0

lim f
X——o0 X
converges. We write,

/_;f(x)dx = Xli_r)noo/)jf(w)dx
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Consider the integral / f(z) dz. Take any number ¢ and consider the integrals / f(z)dx

o0 [e.0]
and / f(z)dz. If both the integrals Converge, then we say that / f(z)dz converges
—0oQ

(&
and write,

/Zf(:c)dx - /Coof(x)da:+/coof(x)dx

c X'
= lim /f( )dz + lim f(z)dz

X——00 Jx X'—00

It is to be noted that the result is independent of the choice of ¢. (Proof is beyond the scope
of this note).

* dz
EXAMPLE. 2.4 Evaluate 5
0 1 +x
< q X d
/ :1:2 = lim 7:62 = lim [tan_lm]X
0 1 +x X —o0 0 1 +x X—00 0
= lim [tan_lX—tan_1 ()] = lim tan ' X = il
X—o0 X—o0 4

2.2.1 Problems

) Lodx B © 4 -
(4) /0 11—z (#1) /0 21 dz (u31) /o x2
®  zdz o0 dz 00
' 1+ 22)2 dz,a,b >0
(UZ) A (1 + «732)2 (U) /0 ((Ez + a2)($2 4 b2) T,a,0 > 'UZ / x4 n 1
> dx o z?dz
(vid) /0 2 1o 12 (viit) /0 FTAETE ab >

Answer: (i) does not converge, (ii) does not converge, (iii) £ log2, (iv) 1, (v) 0, (vi) TabaTD)’

(vii) ﬁ, (viii) Does not converge.

2.3 Tests for Convergence of Improper Integral

We begin with a few useful examples.

b dx
EXAMPLE. 2.5 1. The integral / (7”
a

] is convergent if n < 1 and is divergent if
T—a
n > 1.

The integral is proper if n < 0. for n > 0 and n # 1,

b b b
d d 1
/ 730” = lim 7xn = lim (x —a) !
o (x—a) 0+ Joic (. —a) e—0+ | —n+1 ate
1

- o,
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When n > 1 then lim €™ = oo and when n < 1 then lim €'~" = 0. Thus,

e—0+ e—0+
b
d 1
/ ’ = (b—a)t™ ifn<1
o (@—a)” 1—-n
= ooifn>1.
Forn =1,
b b
d d
/ G T~ lim [log(z — a)]ZJre
a T—a e—0+ ate T —Q e—0+
= lim [ —a)—1 = 0.
E_1}1%1+[ og(b—a) — log¢] 00
b dx
Hence the integral / W is convergent if n < 1 and divergent if n > 1.
o (x—a

o
d
2. The integral / —zj, a > 0 is convergent if p > 1 and is divergent if p < 1.
x
a

For p # 1 the integral is evaluated as,

ol X q 1 X
/ - lim @ - lim [:clp]
o TP X—oo J, @P ]_—p X =00 a
1
= 1_p-)§£r})o[X17p—a1*p]:mifp<1
1
= a7 ifp > 1.
p—1

For p = 1 the integral becomes,

0o X
/ dv = lim do = lim [logz]X = [log X —logal = oc.

lim
xT X—o0 J, xT X—o0 X—o00

Hence the integral is convergent if p > 1 and is divergent if p < 1.

b
d
PRrROBLEM. 2.6 Test the convergence of the integral / ﬁ
-z
a

THEOREM. 2.7 (Comparison test:) If f and g are two non-negative functions defined on

(a,b], having the only infinite discontinuity at a and f < g on (a,c| for some c,a < ¢ <'b,

b b b
then (i) z'f/ g(z) dzx is convergent then so is / f(x)dz, (i) z'f/ f(x)dx is divergent then
b a a a

s0 is/ g(z)dz.

b c b
PROOF. Since lim f(z)dx = lim f(zx) dx—l—/ f(z) dx, and the last integral is proper
e—0 ate =0 Jote c
one, without any loss of generality we may assume ¢ = b, i.e., f < g on (a,b]. Then for any
b b
e > 0 since 0 < f(x) < g(x) for all = € [a + €,b], we have / f(z)dz < / g(x)dx.
a+e a+e
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b b b
Hence, (i) when / g(x) dx is convergent, then lim f(z)dz < lim g(x)dz < oo.
a

e—0+ ate e—0+ ate

b
So / f(z)dz is convergent.
a—re

b b
(ii) On the other hand, when / f(z)dz is divergent then lim f(z)dz = oo. This
a

e—0+ a+te
b

b
implies that lim g(z)dz = co. Thus | g(z)dz is divergent. [
=0+ Jo1e a

In a similar way one can prove the following theorem and hence I omit it and ask the students

to write the proof as an exercise.

THEOREM. 2.8 (Comparison test:) If f,g are integrable over [a, X) for all X > a and 0 <
f(z) < g(x) for all x € [a,00) then (i) ’Lf/ g(x)dx is convergent then so is / f(x)dx

and (ii) zf/ f(x)dx is divergent then so is / f(x

THEOREM. 2.9 If the functions f,g : (a,b] — R have the only point of infinite discontinuity

at x = a, both f,g are positive on (a,b] such that gm+ géxi =1, where 0 <l < 00, then the

b
integrals / flx)dz and/ g(x) dz either both converge or both diverge.

PROOF. Since both f, g are positive, [ > 0. Choose € = L Then there exists § > 0 such that

a+5<band|f(x —l| <eforall z € (a,a+9), ie. l—€<fgg <l+eforall x € (a,a+9).
I

Since g > 0 and € = 5, we have

g(x) < f(x) < %lg(a:) for all x € (a,a+ ).

N | =~

b
Put ¢ = a + . Assume that the integral / f(x)dx is convergent. This implies that
a

C C
l
/ f(z)dz is convergent = / 5 g(x)dx is convergent
a a

C
= / g(z)dzx is convergent
a
c b
= /g(:c) dx+/ g(x)dx is convergent
a c

b
= /g(a:) dx is convergent.
a

b b
Also assuming / f(z)dx is divergent, since / f(z)dz is a proper integral, we have
a C

C C l
/ f(z)dz is divergent = / %g(z) dz is divergent
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= / x)dz is divergent

b
= / x)dx + / g(z)dzx is divergent
= / x)dz is divergent.

Hence either both the integrals are convergent or both are divergent. |

The following theorem is stated without proof and the students are asked to write it by

following the method adopted in the above one.

THEOREM. 2.10 If the functions f, g : [a,b) — R have the only point of infinite discontinuity
f(z)

at x = b, both f,g are positive on [a,b) such that liril ﬁ =1, where 0 <1 < o0, then the
r—0— g\T

b b
integrals / f(x)dz (md/ g(x) dz either both converge or both diverge.

Analogous results are valid for the integrals when the range of integration is infinite and the

integrand has no infinite discontinuity.

THEOREM. 2.11 Assume that f,g : [a,00) — R are positive and has no infinite discontinuity
oo

on its domain, also lim @ =1, where 0 <l < co. Then the integrals / f(x)dx and
a

z—o0 g(x)
oo
/ g(z)dx are either both convergent or both divergent.
a

PROOF. Since [ > 0, choose ¢ > 0 such that [ — e > 0. For this € there exists m > a

such that \J;E — 1| < € whenever z > m. This implies that | — e < fE g < | + € whenever

o0

x > m, ie, (I —e€)g(xr) < f(r) < (I + €¢)g(x) whenever x > m. Since / flz)de =

/ f(z)dx + / f(z)dz and / f(z)dz is a proper integral, we have

o
/ f(x)dz is convergent = f(x)dz is convergent
a

3

(I — €)g(x) dx is convergent

\
—

83

4

g(z)dz is convergent

[e.e]
g(z)dz is convergent.

\
@\3

On the other hand,

8

/ f(x)dx is divergent / f(x)dx is divergent

m

8

= / (I +¢€)g(x)dx is divergent

m



Department of Mathematics, P R Thakur Govt College 32

oo
= / g(x)dx is divergent

m

[e.@]
= / g(x)dx is divergent.
a

Thus, either both are convergent or both are divergent. |

Analogously one can prove that

THEOREM. 2.12 Assume that f,g: (—o00,b] — R are positive and has no infinite discontinu-

b
ity on its domain, also Em fgxi =1, where 0 <l < co. Then the integrals / f(x)dx
T——00 g|\T —0o0

b
and / g(x)dx are either both convergent or both divergent.

—00

We omit its proof, interested students can do it as an exercise.

1
d
EXAMPLE. 2.13 Test the convergence of the integral / 373;5
0 z2(1+2?%)2
Here f(z) = 42— has only infinite discontinuity at z = 0. Let us take g(z) = 5,0 <
z2 (1422)2 x2
1
x < 1. Then lim f@) = lim ——— = 1 < oco. Hence both the integrals fol f(x)dz
v=0 g(x) 250 (1 4 22)3
1
and fol g(z) dz have the same convergence behaviour. Since the integral —5 1s divergent,
0 x2
1
(n = 2 > 1), the integral / f(x)dx is divergent.
0
. > xzdx
EXAMPLE. 2.14 Test the convergence of the integral o3
o (L+a?)3
Here f(x) = m has no infinite discontinuity in [0,00). Counting the degrees in the
numerator and denominator of f we take g(z) = ;157 x > 0. Then
. flx) x z° L 0 L .
@) T (2P 1 et ek (L p

© 1 1
Since the integral / — dz is convergent (p =5 > 1) it follows that / f(x)dz is conver-
o T 0
gent.

2.4 Beta and Gamma Function

In this section we deal with two improper integrals which have much importance in various

applications of mathematics. They are known as Beta Functions and Gamma Functions.
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2.4.1 Beta Function:

1
The integral / ™ Y1 — z)" 1 dz is known as beta function and is denoted by 8(m,n).
0

1
THEOREM. 2.15 The beta function B(m,n) = / 2™ Y1 — )" Ldx is convergent when
0

m >0 and n > 0.

PROOF. It is obvious that the integral is proper when both m,n > 1. So we have to check
when m < 1 or n < 1 or both. We divide the integral as

1 1 1
/ ™1 —z)"lde = / 2™ 1 —z)" e + / 21— z)" L da.
0 0 1
When m < 1 the first integrand has an infinite discontinuity at x = 0 and when n < 1 the

second integrand has an infinite discontinuity at = 1. Let f(z) = 2™ !(1—-2)" 10 <z < 1.

m—1 1— n—1
When m < 1: take g(z) = 2™ 1. Then lim /@) = lim — ( 7:6) = lim (1 —
z—0+ g(aj) z—0+ xzm—1 z—0+

1

1

2 2 1

Now, / g(z)dx = / 2" lde = / . dz is convergent if 1 —m < 1, ie., if m > 0.
0 o T

K\J\)—'O

Hence the integral / 2™ Y1 — )" ! dz is convergent when m > 0.
0
fl@) _ e -ttt

. — n—1 :
When n < 1: take h(z) = (1 — x)"". Then xli)t{l_m = Jm e

lim 2™ ' =1.
r—1—

1 1 1
1
Now, / h(z)dz = / (1—z)" tde = / —————dz is convergent if 1 —n <1, ie., if
1 1 1 (1 —x)t-n

1
2 2

1
n > 0. Hence the integral / 2™ Y1 — )" !dx is convergent when n > 0.
1

2

1

From the above two, the integral S(m,n) = / 2™ Y1 — 2)" L dz is convergent if m > 0
0

and n > 0. |

Henceforth, whenever we write S(m,n) we shall assume m > 0 and n > 0, unless stated

otherwise.

2.4.2 Properties of Beta Functions

1. B(m,n) = B(n,m).

Putting x =1 — y, de = —dy, when x — 0,y — 1 and when x — 1,y — 0, we have,

1 0
Bm,n) = /0 71— 2y da = / (1= )™y (—dy)
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1
= [ty = som),

w/2
2. B(m,n) = 2/ sin?™ 19 cos® 16 db.
0

Substituting z = sin?6, dz = 2sinfcosd df. When = — 0 then § — 0, when z — 1,
6 — /2. So,

1
B(m,n) = / g™ N1 —z)" de
0
w/2
= / (sin? )™ 1(1 — sin® )" '2sinf cos f df
0

/2
= 2/ sin?™ 19 cos®™ 1 0 db.
0

00 xm—l
Take a substitution z = ﬁ Then dr = (1+1y)2 dy and 1 —x = ﬁ Also x = ﬁ
gives y = 17—, hence when z — 0,y — 0 and when x — 1,y — oo. Thus the integral

becomes,
1
B(m,n) = / g™ 1 —z)"Lde

0

/oo ( y >m—1 ( 1 >n—1 1

o \l+y L+y (1+y)?
00 ym—l

—F dy.
/0 (L+y)mtn

1
4. For k>0, B(m,n) = k/ e (] Ry g
0

This can be proved by substituting « = y*, k > 0. The students are required to do it.

5. B(m,n) = B(m +1,n) + B(m,n+1).

1 1
Bim,n+1) = /Oa:m_l(l—m)”dm = /0 2™ N1 —2)" (1 —2)de

Hence the result.

EXAMPLE. 2.16 Evaluate 3(3, 1).

= T.

/2 /2
AL, :2/ sin237 19 cos23719 df = 2/ o = 2 xg
0 0
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PROBLEM. 2.17 Prove that 1. B(m,n+1) = 2= . B(m,n) and 2. B(m+ 1,n) =

i B(m,n).

2.4.3 Gamma Function:

o0
The improper integral / e %z" 1 dx is known as Gamma Function and is denoted by I'(n).
0

Thus,

(0.9]
THEOREM. 2.18 The Gamma Function I'(n) = / e "z" 1 dz converges if n > 0.
0

PROOF. The function f(z) = e 2"~ ! has an infinite discontinuity at z = 0 when n < 1. So

we have to check convergence both at z = 0 and at co. We write the integral as,

oo 1 00
I'(n) = / e " ldr = / e " da —I—/ e “z" 1 da.
0 0 1

-1 . f(x) . e gl . —z
To check convergence at 0, take g(x) = 2"~". Then lim "= = lim ———— = lim e
z—0+ g(]:) z—0+ "™ x—0+

1 1 1
d
=1 < co. Also the integral / g(x)dx = / " lde = / lfn is convergent if 1 —n < 1,
0 0 o r

i.e., if n > 0. Hence the integral / e %z 1dz is convergent if n > 0.
0

We check the convergence at oo a little elaborately, in a few steps.

[e.e]
1. First note that / e " dx is convergent for any k > 0. One can easily verify this from
1

definition.

2. For any positive integer n, there exists M > 0 such that e 72"~ ! < e~3% for all z > M.
xn—l
To verify this evaluate the limit lim —— = 0 [by using L” Hospital’s rule (32) form].

Hence for taking ¢ = 1 there exists M > 0 such that |%

e

e,z < e3% for all 2 > M. Multiplying both sides by e™* we have e 2"~ < e 3%

n

" — 0| < 1 whenever = > M,

Lo

oo
for all x > M. By comparison and using item 1 above, we have / e %" ldz is
1

convergent whenever n is a positive integer.

3. When n is a real number greater than 1 then [n] is a positive integer and e 2"~ ! <

oo
e~%z[" . Since the integral / ezl dz is convergent, by comparison the integral
1
[e.@]
/ e 2"t dz is convergent for any real number n > 1.
1

4. When 0 < n < 1, since we have 1 < 2" ! < z for all z > 1, we get — <

e2”®

— < S-forallz > 1. Since lim — = 0 = lim ——, by sandwich rule we
e2”® e2”® T—00 53T 00 57T
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n—1

have lim = 0. By the method similar to that adopted in item 2 we can prove

1
T—r00 €§x

o0
/ e 2" 1 dz is convergent when 0 < n < 1.
1

o
Hence the integral I'(n) = / e “z" 1 dx is convergent if n > 0. [ |
0

Henceforth, whenever we write I'(n), we shall assume that n > 0, unless we state otherwise.

2.4.4 Properties of Gamma Function

1. (n+1) =nl'(n).

o X
We have I'(n+1) = / e “z"dr = lim e ‘" dx
0 X—o00 0
X X 1
_ . ng__—x R
= Xlgnoo{[a:( e )y —l—n/o e’z dx}
X
= lim [—X"e_X +0] +n lim e "tz
X—00 X—o0 Jg
Xn oo
= lim [—X} +n/ e 2" dz = 0+ nl'(n).
X —o00 (& 0

2. For a positive integer n, I'(n 4+ 1) = nl.

I'n+1) = nl'(n)
I'n) = (n—1)T'(n-1)

r3) = 2I(2)
r@e) = 10(1)

Thus I'(n+1) = n(n—1)(n—2) ---3-2-1.-T'(1) = n!-I'(1). Since I'(1) = /OO e Tt de =
0

X
1
lim e *dr = lim [—e‘x]g( = lim [—X—l—l] = 1, it follows that Thus
X—00 Jo X =00 X —o00 (&
'm+1)=nn—-1)(n—-2)---3-2-1=nl

(e.9]
3. For k> 0,I'(n) = k:/ e~ ghn=1 g,
0

Put z = *, k > 0. Then when z — 0,y — 0 and when z — oo,y — oco. Also
dx = ky*~1 dy. After this substitution the integral becomes,

I'(n) = / ez e = / e () Lyt dy
0 0
= k/o eV 1y

Hence the result.
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4. For0<n<1,T'(n)I'(1 —n) = ==

sinnm*

Proof of this result is omitted as it involves topics beyond the curriculum.

2.4.5 Relation between Beta Function and Gamma Function

'(m)L'(n)

THEOREM. 2.19 For m,n >0, (m,n) = Tontn)
m-—+n

PRrOOF. We know for k > 0, I'(n) = k/ e~ 2¥~1 dz. Hence taking k = 2 we have
0

L(n)I'(m) = / e T dx - 2/ e ¥yl gy
0

— / / :E +y QTL—lme—l dr dy

Take x = rcosf and y = rsinf, 0 <r < 00,0 <0 < § and g((f’g)) = r, the integral becomes,

0o T
L(n)l'(m) = 4/ /2 e " r2 1 cos? 1 g 2 gin?m 1 g rdgdr
r=0J6=0

= / / 2ntm) =L cos? =1 sin®™=1 g dodr
r=0 J60=0
= / e p2ntm)=1 g 2/2 cos?™ 19 sin®™1 6 do
0 0
= T'(n+m)-B(n,m).
I'(m)I'(n
Hence f(m,n) = F((m)+(n))

EXAMPLE. 2.20 1. Find I'(3).

From the relation between beta and gamma functions it follows that

/2 ptl g+l | NEE) =
2. Establish the relation sin? 0 cos?0 df = 5 ) = %) ( 2 ), D, q >
0 2 2F(p+c21+2)
—1.

w/2
We know, S(m,n) = 2/ sin?™ 19 cos?™ 10 db.
0
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p+1 q+1
2

Putting2m —1=p,2n—-1=¢q, m = ,n="45=. When m,n > 0, then p > —1,q >

—1. So we get

/2
2/ sin? @ cos?0 df = f(
0

gl atly D(PHP(%5) _ TN
202 G r(PE2)

Thus,

w/2
/ sin? 0 cos?0 df =
0

w/2
3. Evaluate / sin? 6 cos® 0 do.
0

441 641 7
/W/Qsin‘l@ cobg gy~ S TG IE)
0 21"(4""3"‘2) 2F(6)
31 1y 531 1
_ 331(3) 353T()
2 x 5!
2
= %[F%) = hl T o= 5 7T:3i
2 % 120 64 % 120 64 x 8 512°

2.4.6 Problems

1. Prove that (i) 8(m,1) =L, (i) ['(5/2) = 3\/m, (iii) ['(6) = 120.
2. Evaluate the following integrals using beta and gamma functions:

(i) /leS(l—x2)5/2d:c (i) /013;4(1—552)3(1:[; (iii) /1x3/2(1—x)3/2dx

0

1 /2 w/2
(1v) / ?2(1 — 2)da (v) / cos* z dx (vi) / sin® 2 cos®  dz
0 0 0

Ans: (1) & (i) & (i) 2 (v) & (v) 3T (vi) &.



