Study Material on Improper Integral
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Improper Integral

We have already studied the theory of integration, where it was assumed that the following conditions

are satisfied:

1. the integrand function is bounded over the interval of integration,

2. the interval of integration is bounded.
When any one or both of the above conditions are not satisfied, we still try to integrate the function by

using the concept of limit. An integral of this type, when exists, is known as improper integral. The types

of improper integrals can be classified as follows:

1. When the range of integration is finite but the integrand has an infinite discontinuity at any of the

end points or in any interior point. This can be of the form:

b 1
d
(a) / f(x) dz where f has an infinite discontinuity at x = a, for example, —f
a o L
b 2 g
(b) / f(x) dz where f has an infinite discontinuity at x = b, for example, / TR
a 1 Xr —

b
(c) / f(x) dz where f has an infinite discontinuity at @ = ¢ where ¢ is a point lying between a
a

2
d

and b. For example, / @

o (z—1)*

b
(d) / f(z)dx where f has a finite number of infinite discontinuities at = ¢;,¢a, ..., c; where
a

sin 2x

2
a<c <cy << <b For example, / dx. Here the integrand has
0

sin 2x — cos 2z
infinite discontinuities at 7/8,57/8,97/8 and at 137/8.

2. When the range of integration is infinite, the integrand being a bounded function.

(a) The integral of the type / f(z) dz, where f is bounded in [a, c0).
s
(b) The integral of the type / f(x) dx, where f is bounded in (—o0, b].

o0
(c) The integral of the type / f(z) dx, where f is bounded in (—o0, 00).
—0o0

3. The combination of the above two types is also possible, i.e., when the range of integration is infinite

and also the integrand is an unbounded function.
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When range of integration is finite:

b
We consider the improper integral / f(z)dx when f(x) has a point of infinite discontinuity only at
a

b
x = a. We take the integral / f(x)dz where 0 < € < b — a. This is a proper integral (as there is no
a-te

b

other point of infinite discontinuity of f in this range). Suppose that (x) dz exists and equal to
a+e

b
o(e). If li(r)r}ro ¢(e) exists and is finite, say equal to I, we say the improper integral / f(z) dx exists or
€E—> a

converges at © = a and write as

/bf(:r)dx = lim ’ flz)de = I

e—0+ ate

b
Again, if = b be the only point of infinite discontinuity of f in the finite integral [a, b], then / f(z)dzx

b—e

exists or converges at x = b if hI(IJl f(z) dzx exists, 0 < € < b — a. We then write,
e—=0+ J,

b b—e
/f(x)da: = lim f(z)dx.

e—0+ a

1
dx
EXAMPLE. 1 / — . Here fz) = ?12 has only one point of infinite discontinuity at x = 0. Then,
0 X

Ldx . e . 11t . 1
— = lim — = lim | —— = lim<{-—-1;, = oo.
0oz e—=0+ J. T e—0+4 T |, e—=0+ | €

1
dx
Thus the integral / — does not converge.
o T

1
dx 1 . . -
EXAMPLE. 2 /0 \/17—73:2 Here f(x) = Wirri has an infinite discontinuity at = 1. Then
/1 dx . = dx li [ sin! ]H
—— = lim ———— = lim |sin" =z
0 \/171;2 e—0+ 0 \/17‘%2 e—0+ 0
o . -1 N  aia—1 — an—11— E
= €1_1}151+ {sin™'(1—¢€) —sin"' 0} sin” 1 5"

So, the integral is convergent.

/ Vodx
0o V 1-— .1‘2
When both of a and b are the only points of infinite discontinuity of f in the finite range [a, b], we take any
c b b
point ¢ where a < ¢ < b and consider the integrals / f(x)dz and / f(x)dz. The integral / f(x)dx
c b a (& a
converges if the integrals / f(z)dz and / f(x) dx converge at * = a and = = b respectively.

It can easily be verified that the result is independent of the choice of the point x = ¢. It requires just

an adjustment by a proper integral.
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EXAMPLE. 3 . Here f(z) = \/%, both of x = 0 and x = 1 are the points of infinite

z(l—x)

/ Va(l —z)
discontinuity of f. We take ¢ = % and consider the integrals / : _dr and / 1 _dr Now
- 2 0o Vz(l—2x) 1 Vel —z)

/f dz i / i /% dz
e — = 1m = m —
0o Vz(l—x) =0+ Vv 1—33 =0+ Jo  /x—1?)
3 d 1
= 1i1(1;1+/ < = 111(1)1+ [ sin™!(2z — 1) ]2
e— €— €
(3)? = (& —3)
T 0—sin'(2e— 1)} = —sin(—1) = sin"'1 = ~.
Jim {sin™! sin”'(2e — 1)} sin” " (—1) sin 5
. 2 dx
Thus the integral / ———— converges to 7.
0 z(1— )
Also,
! dx . 1me dx ) 1me dx
—— = lim —— = lim —_—
1 (1l —x) e—0+ % z(1 —3:) e=0+ /1 x — x?)
= lim = lim | sin~!(2z — 1) ]11_6
e—0+ 1 e—0-+ 2
5
= — — -1 = in~ ! = K
= 51—1>%1+ {sin™'(1 — 2¢) —sin 0} sin” " 1 5"

1
dx

Thus the integral / converges to Z. Hence, / ———— converges and

& Va(l—x) & 0o Ve(l—1z) &

1 dx B

[ = - /m/mg

+

s
— =T
2

When range of integration is infinite:

o0
Consider the integral / f(z)dx. Let f be bounded and integrable over [a, X] where X > a. Then
a

/ f(x) dz exists and equal to, say, ¢(X). If the limit Xlim ¢(X) exists and finite, say I, then we say
— 00

that the improper integral / f(z) dx converges with value I. Therefore,

/:of(x)dw - )}gnoo/jf(w)dw=

b
Consider the integral / f(x)dz. Let f be bounded and integrable over [X, b] where X < b. If the limit

b b
lim / f(z) dz exists and has finite value we say that the integral / f(z) dx converges. We write,
— 00

X——o0 b'e

b b
/_Oof(m)dx = XE)IEOO/Xf(m)dx
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Consider the integral / f(z)dx. Take any number ¢ and consider the integrals / f(z)dx and

/ f(z) dx. If both the integrals Converge, then we say that / f(z) dx converges and write,

| i | twars [ @i
XEIEOO/XCf(x) d$+Xl’i£>noo/c /f(m) dx

It is to be noted that the result is independent of the choice of c.

< dx
ExAMPLE. 4 Evaluate .
0 14‘$2
> 4 X d
/ x = lim _aw lim [tan_la: ]X
o 1+ a? X—oo Jg 1422 X oo 0
= lim [tanle —tan~! O} = lim tan "' X = il
X —o00 X—o00 2

PRrROBLEM. 5 Test the convergence of the following integrals and find the values when converge:

1 [e's}
dx dx
5. dx,a,b >0
L | e
oo T oo
6.
2./0 x2+4dx / $4+1 dx
*®  dx e
. 7.
3/0 2 —1 /0 x2+2x+2

*  xdx o x? dz
4'/0 (1+22)2 > /0 e

Tests for Convergence

We begin with a few useful examples.

b
d
EXAMPLE. 6 1. The integral / % is convergent if n < 1 and is divergent if n > 1.
o T —a)”
The integral is proper if n < 0. for n > 0 and n # 1,
b dx b dx 1 1 ’
/ ——— = lim —_— lim (x —a) ™"
o (@—a)” =0+ Joi o (x—a)n e—0+ | —n+1 ate
1 : 1—-n 1-n
- o,
When n > 1 then lim '™ = 0o and when n < 1 then lim €' =™ = 0. Thus,
e—0+ e—0+
b
d 1
/ x = ~(b—a)'™™ ifn<1
o (x—a)" 1—-n

= ooifn>1.
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Forn=1,
b b
dx . dx . b .
/a = 61_1>%1+ ia 61_1>151+ [log(rx —a)],, . = €l_1>151_~_[10g(b —a)—loge] = oo.
. b ode . . .
Hence the integral / ﬁ is convergent if n < 1 and divergent if n > 1.
o &—a)”

o0
d
2. The integral / —i, a > 0 is convergent if p > 1 and is divergent if p < 1.
x
a

For p # 1 the integral is evaluated as,

>d Xd 1 X 1
/ o im o . lim [xl_p} = —— . lim [X'"7?P —g!7P
a xP X—o0 J, xP 1—p X —o00 a 1—p X —o00
= o ifp<l1
1
= a'™P if p > 1.
p—1

For p = 1 the integral becomes,

Ood;[’ . XdZL' . X .
L5 = dm 5 = Jm et = im JosX - loga] = o

Hence the integral is convergent if p > 1 and is divergent if p < 1.

b
d
PROBLEM. 7 Test the convergence of the integral / ﬁ
—x
a
THEOREM. 8 (Comparison test:) If f and g are two non-negative functions defined on (a,b], having the

b
only infinite discontinuity at a and f < g on (a,c| for some c,a < ¢ < b, then (i) zf/ g(x)dx is
a

b b b
convergent then so is / f(x)dx, (ii) zf/ f(x) dx is divergent then so is / g(z) dx.

b c b

PROOF. Since lim f(z)dx = lim f(z)dx —|—/ f(z)dx, and the last integral is proper one,
e—0 ate e—0 ate c

without any loss of generality we may assume ¢ = b, i.e., f < g on (a,b]. Then for any € > 0 since

b
0 < f(z) < g(z) for all = € [a + €,b], we have / f(z)dx < / g(z) de.
a-+te a-te

b b b
Hence, (i) wh dz i t, then li de < i dr < 0.8
ence, (i) when /a g(x)dzx is convergen en lim /(H_E flz)dx < Jim a+6g(m) x 00. So
b
/ f(z) dx is convergent.
a-+te
b b
(ii) On the other hand, when / f(z)dx is divergent then 11%1+ f(z)dz = oo. This implies that
a e a-—re€
b b *
lim g(z) dx = oo. Thus / g(x) dzx is divergent. [
e—0+ a+te a

In a similar way one can prove the following theorem and hence I omit it and ask the students to write

the proof as an exercise.
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THEOREM. 9 (Comparison test:) If f,g are integrable over [a, X) for all X > a and 0 < f(z) < g(x)
for all x € [a,00) then (i) zf/ g(x)dx is convergent then so is/ f(z)dx and (%) zf/ f(z)dx is

a a

divergent then so is / f(x)dx.

THEOREM. 10 If the functions f,g : (a,b] — R have the only point of infinite discontinuity at x = a,

both f,g are positive on (a,b] such that 1_1>m+ Z:Ex)) =1, where 0 <l < oo, then the integrals / f(z)dx
xT a a

b
and/ g(z) dx either both converge or both diverge.
PRrROOF. Since both f, g are positive, [ > 0. Choose € = é Then there exists § > 0 such that a +0 < b

;éi) —ll <eforal x € (a,a+9),ie,l—€< J;E;; <l+eforall z € (a,a+d). Since g > 0 and
we have

and |

€ =

BN~

3 cg(x) < fx) < 351 -g(z) forall z € (a,a+79).

b
Put ¢ = a + 6. Assume that the integral / f(x) dzx is convergent. This implies that

/ f(x)dz is convergent = / — g(z)dz is convergent = / z)dx is convergent

a

b
= / x) dx —|—/ g(x)dx is convergent (adding a proper integral)

= / x)dz is convergent.

b b
Also assuming / f(x) dzx is divergent, since / f(x) dzx is a proper integral, we have
a (&

(& c 3l (&
/ f(z)dx is divergent = / — g(x)dz is divergent = / g(x)dzx is divergent
b
= x)dx + / g(z) dx is divergent (adding a proper integral)
= / x) dx is divergent.

Hence either both the integrals are convergent or both are divergent. |

The following theorem is stated without proof and the students are asked to write it by following the

method adopted in the above one.

THEOREM. 11 If the functions f, g : [a,b) — R have the only point of infinite discontinuity at x = b, both
b

fsg are positive on [a,b) such that hril fgl')) =1, where 0 < I < 0o, then the integrals / f(x)dz and
z—b— glT a

b
/ g(x) dx either both converge or both diverge.
a

Analogous results are valid for the integrals when the range of integration is infinite and the integrand

has no infinite discontinuity.
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THEOREM. 12 Assume that f, g : [a,00) — R are positive and has no infinite discontinuity on its domain,
also lim J@) =1, where 0 < | < co. Then the integrals / f(z)dx and/ g(x) dz are either both

convergent or both divergent.

PROOF. Since [ > 0, choose € > 0 such that [ —e > 0. For this € there exists m > a such that |% -l <e

whenever x > m. This implies that [—e < chngg < l4+e whenever > m, i.e., (I—€)g(z) < f(z) < (I4+€)g(x)

whenever > m. Since / f(z)de = / f(z)dx +/ f(z) dx and / f(x)dz is a proper integral,

we have

/ f(z)dx is convergent = / f(z)dx is convergent = / (I — €)g(x) dx is convergent

= / x)dz is convergent = / x)dx is convergent.
On the other hand,
o0 o] o0
/ f(z)dx is divergent / f(z)dx is divergent = / (I+ e)g(z)dx is divergent
a e m
= g(z)dx is divergent = / x)dz is divergent.
m
Thus, either both are convergent or both are divergent. |

Analogously one can prove that

THEOREM. 13 Assume that f,g : (—00,b] — R are positive and has no infinite discontinuity on its

b b
domain, also lim @ =1, where 0 <l < co. Then the integrals / f(x)dzx and/ g(z)dx are

T—>—00 g(,’L‘) —00 —0o0
either both convergent or both divergent.

We omit its proof, interested students can do it as an exercise.

1
d
EXAMPLE. 14 Test the convergence of the integral / 3733
o z2(1+22)2
Here f(x) = é(l % has only infinite discontinuity at = 0. Let us take g(z) = -,0 < # < 1. Then
2 +x 2 x2
1

lim (@) = lim ———— =1 < oo. Hence both the integrals fo x) dx and fo dx have the same

20 g(e) a0 (14 22

1
d .

convergence behaviour. Since the integral —f is divergent, (n = 3 > 1), the integral / f(x)dx is

0

0 x2
divergent.
. © xdx
ExaMPLE. 15 Test the convergence of the integral —_—
o (I+a2)°
Here f(z) = m has no infinite discontinuity in [0,00). Counting the degrees in the numerator and
denominator of f we take g(z) = 5,2 > 0. Then
- fl) x a® 8 L _
R T I N S s W s ey e wra By

oo 1 1
Since the integral / — dx is convergent (p =5 > 1) it follows that / f(x) dz is convergent.
o 7T 0
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Beta and Gamma Function

In this section we deal with two improper integrals which have much importance in various applications

of mathematics. They are known as Beta Functions and Gamma Functions.

Beta Function:

1
The integral / 2™ (1 — 2)" ! da is known as beta function and is denoted by B(m,n).
0

1
THEOREM. 16 The beta function 5(m,n) = / 2™ (1 —z)" " da is convergent when m > 0 and n > 0.
0

PROOF. It is obvious that the integral is proper when both m,n > 1. So we have to check when m < 1
or n < 1 or both. We divide the integral as

1
2

1 1 1
/ 1 —2)" de = / a1 —2) " da + / ™1 —2) " da.
0 0

1
2

When m < 1 the first integrand has an infinite discontinuity at « = 0 and when n < 1 the second

integrand has an infinite discontinuity at = 1. Let f(z) = 2™ (1 —2)" 1,0 <z < 1.

m—1 1— n—1
When m < 1: take g(z) = 2™~ 1. Then lim @) = lim i Gk e = lim (1 —z)" ! =1.
z—0+ g(aj) z—0+ gm—1 z—0+

1
2

1 1
3 3 7 1
Now, / g(x)dx = / zm ldr = / —— dx is convergent if 1 —m < 1, i.e., if m > 0. Hence the
0 0 o T

3
integral / 2™ 1 (1 — 2)" 1 dz is convergent when m > 0.
0

m—1 1— n—1
When n < 1: take h(z) = (1 — 2)"!. Then lim 7]‘(:1:) = lim w = lim 2™ ' =1.
z—1— h(x) r—1— (1 — I)n—l r—1—

1 1 1
1
Now, / h(z)dz = / (1—xz)" tde = / Ao dz is convergent if 1 —n < 1, i.e., if n > 0. Hence
1 1 1 —zx)"
2 2 2

1
the integral / ™ (1 — )" dz is convergent when n > 0.
1

2

1
From the above two, the integral f(m,n) = / 2™ (1 — 2)" ' dx is convergent if m >0 and n > 0. W
0

Henceforth, whenever we write 5(m,n) we shall assume m > 0 and n > 0, unless stated otherwise.

Properties of Beta Functions

1. B(m,n) = B(n,m).

Putting x =1 —y, dv = —dy, when ¢ — 0,y — 1 and when x — 1,y — 0, we have,

1 0
Bm,n) = / 21— ) = / (1= g™y (—dy)

1
- /0 Y (L — )Ny = Bln,m).
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/2
2. B(m,n) = 2/ sin®™~1 9 cos®™ 1 0 db.
0
Substituting = = sin? 6, dz = 2sinfcosf df. When = — 0 then § — 0, when z — 1, § — /2. So,
1 /2
B(m,n) = / ™1 —2)" de = / (sin?0)™ (1 — sin? #)"~'2sin @ cos § db
0 0

/2
= 2 / sin?™ 719 cos®™ 16 db.
0

oo xm—l
3. B(m,n) = ———dx
Take a substitution z = m Then dz = (1+ =mE dyand 1 —z = ﬁ Also x = 1+ gives y = 12,

hence when x — 0,y — 0 and when © — 1,y — oo. Thus the integral becomes,

1 [eS) m—1 n—1
_ m—1 _ n—1 _ Y 1 1
Blm.n) = /0 T e e = /0 <1+y> <1+y) TEE

o] m—1
Yy
——— dy.
/0 (1 +y)mtn

1
4. For k > 0, f(m,n) = k;/ xm’“_l(l _ mk)n—l de.

0
This can be proved by substituting = y*, k > 0. The students are required to do it.

5. f(m,n) = B(m+1,n)+ B(m,n + 1).

Blm,n+1) = /01 1 —ax)" /le )" N1 — x)dx

1 1
/ ™1 —2)" e — / ™ )" de
0 0

= B(m,n)—B(m+1,n).

Hence the result.

EXAMPLE. 17 Evaluate (3, 1).

/2 ) w/2
5(%,%):2/ sin227 19 cos®2710 do = / dd = 2 x
0 0

PROBLEM. 18 Prove that 1. 8(m,n+1) = -B(m,n) and 2. B(m+1,n)==-L—-5B(m,n).

m+n m-+n

Gamma Function:

oo
The improper integral / e 2" 1 dx is known as Gamma Function and is denoted by I'(n). Thus,
0

o0
THEOREM. 19 The Gamma Function I'(n) = / e~ *x" "t dx is convergent when n > 0.
0
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PROOF. The function f(z) = e 2"~ ! has an infinite discontinuity at = 0 when n < 1. So we have to

check convergence both at = 0 and at co. We write the integral as,

e} 1 oo
I(n) = / e " lde = / e Tgn ! d:ch/ e Tz .
0 0 1

—x,n—1
To check convergence at 0, take g(x) = z"~1. Then lim f@) = lim S = lim ™"

T =1< 0.
r—04+ g(:[,‘) r—0+ " x—04

1 1 1
d
Also the integral / g(x)dx = / 2" dr = / fn is convergent if 1 —n < 1, i.e., if n > 0. Hence
0 0 o T

the integral / e 2" dx is convergent if n > 0.
0

We check the convergence at oo a little elaborately, in a few steps.
oo
1. First note that / e % dz is convergent for any k > 0. One can easily verify this from definition.
1

2. For any positive integer n, there exists M > 0 such that e 2"~ ! < e 2% for all z > M. To verify

n—1

this evaluate the limit lim
T—00 37

€ = 1 there exists M > 0 such that |2

€

Multiplying both sides by e~® we have e Ta" ! < e 2% for all z > M. By comparison and using

= 0 [by using L’ Hospital’s rule (22) form]. Hence for taking

— 0| < 1 whenever z > M, i.e., 2"~} < 2% for all > M.

T
o0

item 1 above, we have / e *z" ! dzx is convergent whenever n is a positive integer.
1

3. When 7 is a real number greater than 1 then [n] is a positive integer and e=*z"~! < e~*z["]. Since
o0 o0
the integral / e~ *z[" dz is convergent, by comparison / e 2"~ dzx is convergent for any real
1 1
number n > 1.

n—1 .
4. When 0 < n < 1, since we have 1 < 2"~ < z for all z > 1, we get — < I — < -F forallz>1.
x xne—l € €
Since lim =0= lim ——, by sandwich rule we have lim —— = 0. By the method similar
T—00 32T T—00 32T r—00 27

o0
to that adopted in item 2 we can prove / e 2" dx is convergent when 0 < n < 1.
1

o0
Hence the integral I'(n) = / e 2z" ! dx is convergent if n > 0. [
0

Henceforth, whenever we write I'(n), we shall assume that n > 0, unless we state otherwise.

Properties of Gamma Function
1. T(n+ 1) = nI'(n).

00 X
We have I'(n +1) = / e Px"dr = lim e Ta"dx
0

X —o0 0

b's
_ . n(__ —x X —x, . n—1
= Xhﬁnlo{[x (—e )]O —i—n/o e 'z dx}

X

= lim [fX"e*X + 0} +n lim e " dx
X—o0 X —o00 0

. X o
= lim [_ex} —l—n/o e *z" tdr = 0+nl(n) = nl(n).
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2. For a positive integer n, I'(n + 1) = nl.

F(n+1) = nl'(n)
'(n) = (n—1T'(n-1)
') = 2I(2)
r©@) = 10(1)

Thus '(n+1) =n(n—-1)(n—-2)---3-2-1-T(1) = n!-T'(1). Since I'(1) = /00 e Tl de =
0

b'e
1
lim e ?dr = lim [—e_x]é( = lim [—X + 1} = 1, it follows that Thus I'(n + 1) =

X —o0 0 X—o0 X —o0 e

nn—1)(n-2)---3-2-1=nl
3. For k>0,T(n)= k/ e~ gFn =y,
0

Put 2 = y*,k > 0. Then when z — 0,y — 0 and when = — 00,y — 0o. Also dx = ky*~! dy. After

this substitution the integral becomes,

I'(n) = / e " ldy = / e*yk(yk)”*lkykfl dy = k/ e*ykyk"*1 dy.
0 0 0
Hence the result.

4. For0<n<1,T(n)I'(1—n)= =

sinnm”®

Proof of this result is omitted as it involves topics beyond the curriculum.

Relation between Beta Function and Gamma Function

L(m)I'(n)

THEOREM. 20 For m,n >0, B(m,n) = T(mtn)
m+n

PROOF. We know for k > 0, I'(n) = k/ e~ zF"=1 dz. Hence taking k = 2 we have
0

o0 2 o 2
2/ e T g g - 2/ e Yyt dy
0 0
oo o0 2 2
4/ / 67(90 +y )I2n71y2m71 dx dy
o Jo

Take z = 7cosf and y = rsinf, 0 <r < 00,0 <0 < § and g((ﬁg)) = r, the integral becomes,

L(n)I'(m)

o ry
F'n)I'(m) = 4/ / e 21 cos? 1 g p2m L gin®m =1 g rafdr
r=0J60=0

/ / r?p2(ntm) =1 o 2n=1 g &in2m=19 gy
r=0J6=0

= / e pntm) =1 g 2/2 cos® 10 sin®" 710 do = T'(n+m)-B(n,m).
0 0

Hence 3(m,n) =



Department of Mathematics, P R Thakur Govt College 12

ExaMPLE. 21 1. Find T'(3).

1\p(L
From the relation between beta and gamma functions it follows that [ (%, %) = FF(Ql)i(f)) =
2 2
1 2
(FI%))) = (I‘(%))2 Since (3, ) = m, therefore, (T (%))2 =7. Hence I' (1) = /7.
/2 p+l g+l (LT (2L
2. Establish the relation/ sin? @ cos?6 df = Al ) = %) (22 )a p,g>—L
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We know, B(m,n) = 2/ sin?™ 16 cos?" 1 9 db.
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Putting 2m —1=p,2n —1=¢q, m = p—;l,n: q‘;l. When m,n > 0, then p > —1,¢ > —1. So we
get
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Again, since 8(m,n) = Ty
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Thus
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/ sin? 0 cos?6 df =
0

/2
3. Evaluate / sin* 0 cos® 6 db.
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Problems

1. Prove that (i) B(m,1) = L, (i) I'(5/2) = 3/, (iii) I'(6) = 120.
2. Evaluate the following integrals using beta and gamma functions:

7 1m3 — a2 dx (i 1904 —23dx (i 1953/2 — )32 dx
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(iv) / 2°/2(1 — 2) dx (v) / cos z dx (vi) / sin® 2 cos® z dx
0 0 0

Ans: (i) & (i) g (i) 2% (iv) & (v) 32 (vi) &.



